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Abstract. An x-ray detector for digital x-ray mammography is under investigation, which
consists of a phosphor screen coupled by a demagnifying fibre-optic taper to a time-delay
integration mode, charge-coupled device (CCD) image array. The signal propagation through
such a detector depends on the intensity and angular emission of light from the phosphor screen,
the angular acceptance and transmission of light through the optics, and the spectral sensitivity of
the CCD to the fluorescent light. The production of light by the phosphor screen was considered
in a previous paper. Here, the issues related to the optics are examined. For phosphor screens
coupled by lenses with limiting acceptance angles of less than 30◦ , it was calculated that the
coupling efficiency would be 10% greater than would be estimated under the assumption of a
Lambertian source. These increases occur because a phosphor screen typically produces light
which is more forward directed than a Lambertian source. Similar increases in efficiency are
observed when a phosphor screen is coupled to a fibre-optic faceplate or taper. For fibre optics,
exact estimation of the optical coupling efficiency requires knowledge of the angular-dependent
transmission efficiency of the fibres.

1. Introduction
A digital radiographic imaging system has been developed at the University of Toronto
for use in full-field digital mammography (Maidment 1993, Maidment et al 1993). The
imaging system consists of a mammographic phosphor screen which is coupled via a fibreoptic taper to a time-delay integration mode charge-coupled device (CCD) image array. We
refer to these devices as phosphor–optics–CCD (POC) detectors. In POC detectors, the
signal-to-noise ratio (SNR) is determined, in part, by the efficiency with which light quanta
produced in a phosphor screen are recorded (Albrecht 1965, Fu 1984, Rabbani et al 1987,
Rabbani and VanMetter 1989, Nishikawa and Yaffe 1990, VanMetter and Rabbani 1990,
Maidment and Yaffe 1994). In this paper, we present a method to calculate the efficiency
of the optical coupling of a phosphor screen to the CCD image array.
Three representative POC image detectors are illustrated in figure 1. All three detectors
use a single optical component to convey light from a phosphor screen to a CCD image
array. In figure 1(a) the optical coupling is provided by a relay lens, while a Bouwer’s
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reflective lens is used in figure 1(b). These two lenses are typical of those used in
early videofluoroscopy systems (Ter-Pogossian 1967), from which concerns regarding SNR
degradation stimulated the design of high-efficiency optics. The former approach has been
used by Karellas et al (1992) in the design of small field-of-view digital mammography
imaging systems, while the latter approach has been used by Andre et al (1994) in the design
of a full-field-of-view digital mammography imaging system. In figure 1(c), a demagnifying
fibre-optic taper is shown. Such fused fibre-optic arrays, developed by Kapany (1955), have
the potential to provide far greater optical coupling efficiencies than are possible with lenses,
because of their large acceptance solid angle. As discussed below, a fibre-optic taper can
provide a twofold to sixfold increase in optical coupling as compared to lenses, assuming
both systems are well designed.

Figure 1. Three POC detectors are shown. In each case, a phosphor screen is optically coupled
to a CCD image array. The optical coupling consists of (a) relay lenses, (b) Bouwers reflective
optics, and (c) a fused fibre-optic taper.

The POC detectors presented in figure 1 are examples of the more general n-stage
cascaded POC detectors considered below. The components of POC detectors can be
treated as consisting of serially cascaded elements which propagate x-ray, light, or electron
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images. We have previously presented a method of analysing the absorption of x-rays
and the generation of light quanta in phosphors, including a model for calculating the
angular emission of light (Maidment and Yaffe 1995). In this paper, the angular-dependent
propagation of light through lenses and fused fibre-optic arrays is reviewed. Means of
simplifying this analysis to handle the special cases of illumination by a Lambertian source
and propagation of meridional rays are demonstrated to clarify the assumptions implicit in
these well known relationships and to illustrate their limitations. Experimental measurement
of the optical properties of fibre optic faceplates typical of those used in POC detectors
is described. These analyses provide tools to allow one to calculate the ‘total coupling
efficiency’ of the detector, which is specified as the number of electrons generated in the
CCD per x-ray interaction in the phosphor screen. A discussion of lenses and fibre optics
is presented to facilitate comparison of the design of POC detectors. Such a comparison
requires the calculation of total coupling efficiency, which is described in more detail by
Maidment (1993). The total coupling efficiency is, in turn, a prerequisite for calculating the
detective quantum efficiency (DQE) of POC detectors (Maidment and Yaffe 1994).
2. Theory
The coupling efficiency, ξ , of a lens or an optical fibre is given by the ratio of the
acceptance solid angle to the solid angle of a hemisphere, weighted by the radiant intensity
of the incident light, Ji (θi , φi ), and the transmission efficiency, τ (θi , φi ). The transmission
coefficient accounts for both reflective and absorptive losses. The coupling efficiency is
given by
 Z 2π Z π/2
Z 2π Z θi,M
ξ=
Ji (θi , φi )τ (θi , φi ) sin(θi ) dθi dφi
Ji (θi , φi ) sin(θi ) dθi dφi . (1)
0

0

0

0

The differential solid angle is given by sin(θi )dθi dφi , where θi is the incident meridional
angle, φi is the incident azimuthal angle, and θi,M is the meridional angle that the marginal
ray makes with the principal axis†. In this paper, it is assumed that the optics are axially
symmetric, hence, all quantities below will be specified as functions of θi only. Thus,
equation (1) is simplified.
Coupling several optical elements requires one to consider how the light is emitted
from the previous element, and how the light is collected by the following element. In the
absence of scattering, the light emitted from an axially symmetric optical element at angle
θo is given by
(
Ji (θi )τ (θi )
θi 6 θi,M
(2)
Jo (θo ) =
0
otherwise
where
θo = sin−1 (m(ni /no ) sin(θi ))

(3)

m is the demagnification of the component, and ni and no are the refractive indices of the
input and output media. Using equations (1)–(3), it is possible to calculate the coupling
efficiency of a series of lens and fibre optics.
† This formulation is appropriate for lenses and the meridional approximation of optical fibres. For the skew
approximation, θi,M = π/2 regardless of the numerical aperture of the optical fibre.
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2.1. Lenses
Consider the lens shown in figure 2(a). The coupling efficiency of the lens for light emitted
from a point S1 on the principal axis is given by equation (1). Because the limiting
meridional angle, θM , of most lenses is small, equation (1) may be simplified by treating
the transmission efficiency of the lens as being independent of angle (given by a constant, τ ).

Figure 2. (a) A simplified schematic diagram of a single lens. The focal length, f , is given
by the distance PH. The limiting aperture diameter is d. A general point, S1 , is shown in focus
with the conjugate, S2 . (b) The principal surface passing through points H and T in detail,
illustrating how the conjugate rays are projected until intersection.

The coupling efficiency at point S3 off the principal axis may also be calculated using
equation (1). However, the limiting meridional angle must be expressed as a function of
the azimuthal angle. This calculation can be simplified if the light source is Lambertian.
This assumption results in a dependence of off-axis irradiance which varies with the fourth
power of the cosine of the angle of incidence (Boyd 1983, Kingslake 1983, pp 122–3).
Vignetting (the result of a variation in the area of the limiting aperture as a function of
angle of incidence of light) can cause additional off-axis signal reduction (Kingslake 1983,
pp 85–6, 129–30).
2.1.1. Lambertian light sources. Because of the small value of the limiting meridional
angle of most lenses, many light sources may be approximated as Lambertian. For a
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Lambertian source, Ji (θi ) = J0 cos(θi ) for −π/2 6 θi 6 π/2, thus equation (1) gives
ξ = τ sin2 (θM )

(4)

for a point on the principal axis. The value of sin(θM ) can be related to the f -number of
the lens by using fundamental optical definitions. There has been debate (Miller 1971) and
continued interest (Munro et al 1990, Swindell 1991, Liu et al 1994) on the exact nature
of this relationship. Consider the lens illustrated in figure 2(b). The f -number (F ) of the
lens is the ratio of the focal length of the lens to the limiting aperture diameter. If light
rays from the object originate at the focal point, P, then the conjugate rays must be parallel.
If the light rays in the image space and object space are extended until they intersect, then
the surface that is formed by the intersection of all such rays is called the principal surface
(Born and Wolf 1989, pp 152–3). If an optical system is perfect†, well corrected and free
of coma, then the principal surface is spherical due to the Abbe sine law (Born and Wolf
1989, pp 166–9, Jenkins and White 1957). Hence,
sin(θM ) = d/2f = 1/2F

(5)

where the limiting aperture diameter, d, is the distance between the two opposed marginal
meridional rays, and f is the focal length of the lens. This result differs from that of Liu et
al (1994), who have approximated the principal surface as a plane. Such an approximation
is valid for high f -number lenses, but will result in underestimation of limiting meridional
angle and transmission efficiency for the low f -number lenses typically used in digital
mammography.
In the general case, an object at point, S1 , will have an image at point S2 . Combining
equation (5), the lens makers formula (1/f = 1/s1 + 1/s2 ), and the demagnification
(m = s1 /s2 ), gives
sin(θM ) = d/2s1 = 1/2F (m + 1)

(6)

where in this case θM is the angle GS1 H in figure 2(a). Substituting equation (6) into
equation (4) gives the coupling efficiency of a single lens,
ξ = τ/4F 2 (m + 1)2 .

(7)

Equation (7) is well known, and is valid for perfect, coma-free optics illuminated by a
Lambertian source. The above derivation is valid for both the refractive and reflective lens
systems illustrated in figure 1.
2.1.2. Relay lenses. A common method of coupling lenses in radiography involves relay
lenses (Ter-Pogossian 1967, pp 349–55, Vermeulen et al 1982). Relay lenses are compound
lenses consisting of two lenses (either refractive or reflective) applied at infinite conjugates,
as illustrated in figure 3. The first lens (called the collimator) collimates the divergent beam
of light emitted from the light source (typically a phosphor screen) into a parallel beam.
The second lens (called the camera lens) focuses the light onto the detector. The coupling
efficiency of relay lenses is also given by equation (7) if the lenses are perfect and free
of coma and are illuminated by a Lambertian source and the following substitutions are
applied. In this case, the transmission efficiency, τ , is the product of τCOL and τCAM , the
transmission efficiencies of the two individual lenses. The focal length of the relay lens can
be calculated using the lens law,
1/f = 1/fCOL + 1/fCAM − lr /fCOL fCAM .

(8)

† A lens is considered perfect if any curve in the object space is geometrically similar to the image which is
produced.
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The distance between the points where the principal surfaces cross the principal axis, lr , is
usually small compared to the focal lengths of the individual lenses (fCOL and fCAM ) and
can be ignored. The diameter of the limiting aperture, d, is the lesser of dCOL and dCAM .
Finally, the demagnification, m, is defined as the ratio of the focal lengths of the individual
lenses, m = fCOL /fCAM .

Figure 3. A schematic diagram of a relay lens showing the relationship between the collimating
lens and the camera lens. The limiting aperture diameter of the relay lens is given by the smaller
of dCAM and dCOL .

2.2. Fibre optics
The propagation of light in single multimode optical fibres is well understood, and is
readily predictable from geometric ray optics (Kapany 1967, Okashi 1982, Potter 1960).
Calculations of the angular dependent transmission efficiency of optical fibres have been
made on the basis of both meridional (Kapany 1967, Kapany and Capellaro 1961) and
skew rays (Potter 1960, 1961, Potter et al 1963, Li and Lit 1985, Dugas et al 1987).
The transmission properties of fused fibre-optic (FO) assemblies (e.g. faceplates and
demagnifying tapers) may be similarly predicted (Kapany 1967).
As with lenses, equation (1) is used to calculate coupling efficiency. However, because
of the large acceptance angles of optical fibres, the angular dependence of the factors within
the integrals is important in calculating the true photometric efficiency of optical fibres.
As noted by Kapany (1967, pp 160–1), the following factors affect the coupling efficiency
of fibre optics: (i) fibre numerical aperture (NA); (ii) angular distribution of the incident
light; (iii) bulk absorption coefficients of the core and cladding glass; (iv) the quality of
the core–cladding interface; (v) core glass imperfections which cause light scattering; (vi)
the cylindricity, curvature, and cross section of the fibres; and (vii) the packing efficiency
of FO assemblies. Presented below are two models which can account for these factors
through consideration of the bulk properties of the optical fibres.
2.2.1. Meridional ray analysis. In the meridional model, light rays incident with angle
θi in a plane containing the optical axis are considered to represent the propagation of all
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light rays of similar angle, as shown in figure 4. The NA of the fibre is given by NA =
(n21 − n22 )1/2 , where n1 and n2 are the refractive indices of the core and cladding glass. The
critical angle in the fibre is φC = sin−1 (n2 /n1 ). A light ray incident upon the fibre will
undergo guided transmission if θi 6 θi,M , where the limiting meridional angle of incidence
is θi,M = sin−1 (NA/ni ). As seen in figure 4, θi,M is related to θ1,M by Snell’s law. The
limiting meridional angle in the core glass, θ1,M , is equal to π/2 − φC . Note that during
passage through the fibre, the meridional angle is preserved due to total internal reflection.

Figure 4. An optical fibre shown in cross section through the optical axis. Marked are the
refractive indices of the entrance medium (ni ), exit medium (no ), core glass (n1 ), and cladding
glass (n2 ). Also shown are the critical angle (φC ), and the limiting meridional angles (θi,M and
θ1,M ). An unreflected ray with angle θ1 > θ1,M is also shown (dashed line).

If the transmission efficiency of an optical fibre is independent of angle, and the fibre
is illuminated by a Lambertian source, then the optical coupling efficiency is given by
equation (4). This equation may also be expressed as ξ = τ (NA)2 /n2i . This formulation
is useful as a first-order approximation for calculating coupling efficiency; however, the
transmission efficiency of most fibre optics cannot be represented as a constant.
Kapany and Capellaro (1961) provide a more accurate model, where the transmission
efficiency of an optical fibre is given by
τM (θi ) = Tni ,n1 (θi )eαL sec(θ1 ) [1 − β(θ1 )]L tan(θ1 )/2a Tn1 ,no (θ1 ).

(9)

θi is the angle of a light quantum in the input medium which can be related to the angle of
the light in the core glass, θ1 , by Snell’s law. The radius and length of the fibre are given
by a and L, α is the bulk attenuation coefficient of the core glass, β(θ1 ) is the average
reflection loss per reflection with the cylinder wall, and L tan(θ1 )/2a is the number of
internal reflections which occur for a ray with angle θ1 . The Fresnel transmission factor
for the transition between the input media and the core glass is Tni ,n1 (θi ), and that for
the transition between the core glass and the exit media is Tn1 ,no (θ1 ) (see equation (4) of
Maidment and Yaffe (1995)). In equation (9), β(θ1 ) typically has value of 0.001 or less
for 0 6 θ1 6 θ1,M , the range of angles for which total internal reflection occurs, while
β(θ1 ) = 1 − Tn1 ,n2 (π/2 − θ1 ) for other values of θ1 . Typical fibre diameters range from 5
to 10 µm, thus even for a 1 mm thick FO assembly (L/2a = 50–100) it is valid to use
the approximation β(θ1 ) = 1 for θ1,M < θ1 6 π/2. This leads to a discontinuity in τ at
θ1 = θ1,M , because beyond this angle total internal reflection will no longer occur.
Consider a 6 mm long, 0.005 mm diameter circular optical fibre with n1 = 1.62 and
n2 = 1.50, held in air (i.e., ni = no = 1.0). In figure 5(a), the effect of bulk attenuation
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on the transmission efficiency of this fibre is illustrated. The results are calculated from
equation (9) for various values of α (in mm−1 ), with β = 0. In figure 5(b), the effect
of reflection losses is illustrated by varying the value of β̄ with α = 0. In both figures,
Fresnel losses at the entrance and exit reduce transmission by 11% at θi = 0. In figure 5(a),
non-zero values of α result in a transmission reduction at all angles, with only a slight
dependence on θi . In figure 5(b), non-zero values of β do not affect transmission at θi =0,
but reduce transmission at larger angles with a strong dependence on θi .
2.2.2. Skew ray analysis. Kapany and Capellaro (1961) and Potter (1961) have also
calculated the transmission of arbitrary (skew) rays through a perfect cylindrical fibre.
To illustrate a portion of the path of a skew ray, an optical fibre is shown in figure 6
in perspective and in projection of the cross section. An incident skew ray, shown in
the plane KLP, strikes the fibre wall at an angle ψ to the normal (a vector parallel to
OP passing through point L). The ray is reflected into the plane PLM. It has been shown
(Potter 1961) that cos(ψ) = sin(θ1 ) cos(γ ), where θ1 is the meridional angle and γ is the
azimuthal (skew) angle. Using this relationship, Potter has shown that an incident ray will
undergo guided transmission if sin(θi ) cos(γ ) 6 NA/ni . Note that the magnitudes of both
the meridional and azimuthal angles are preserved upon reflection. Potter has shown that
guided transmission of arbitrary rays occurs for the range of angles γ (θ1 ) 6 γ 6 π/2,
where
γ =0
for 0 6 θ1 6 θ1,M
(10)
−1
γ = cos [sin(θ1,M )/ sin(θ1 )]
for θ1,M < θ1 6 π/2.
Note that all meridional rays have γ = 0, hence meridional rays are a subset of skew rays.
Using a skew ray model, Potter (1961) has calculated that the transmission efficiency
is given by
Z π/2
−αL sec(θ1 )
4
Tni ,no (θ1 )
[1 − β(ψ)]L tan(θ1 )/2a cos(γ ) cos2 (γ ) dγ .
(11)
τs (θi ) = π Tni ,n1 (θi )e
γ (θ1 )

This modification takes into account the fact that the skew rays will undergo more reflections
with the wall than will meridional rays. Thus, the transmission efficiency at an angle θi
must be integrated over all of the values of the skew angle, γ . The skew angle must in turn
be related to the fractional area of the fibre for which guided transmission of the incident
skew light will occur. Thus, the differential area element, dA = cos(γ )2 dγ , is expressed
as a function of the skew angle (Potter 1960). Note that β is stated as a function of ψ, the
angle between the normal to the point of interaction with the fibre wall and the incident
ray, which for meridional rays is equal to θ1 .
In figure 7, a 6 mm long, 0.005 mm diameter circular optical fibre with n1 = 1.62 and
n2 = 1.50, held in air, is once again considered. In figure 7(a), the effect of bulk attenuation
on the transmission efficiency of this fibre in illustrated. The results are calculated for various
values of α (in mm−1 ), with β = 0. In figure 7(b), the effect of reflection losses is illustrated
by varying the value of β with α = 0. As with the meridional model, Fresnel losses at the
entrance and exit reduce transmission by 11% at θi = 0. In figure 7(a), non-zero values of
α result in a transmission reduction at all angles, with only a slight dependence on θi . The
large reduction in transmission efficiency for θi > θi,M is due to the reduced acceptance area
for skew rays. As in the meridional model, non-zero values of β (figure 7(b)) do not affect
transmission at θi = 0, but do result in reduction of transmission at higher angles with a
strong dependence on θi . Note that the value of τS (θ ) > τM (θ ) due to the transmission of
skew rays.
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Figure 5. The results of the meridional ray hypothesis calculated using equation (9), (a) for
different values of α, assuming β = 0, and (b) for different values of β, assuming α = 0. The
calculations were performed using L = 6 mm, n1 = 1.62, and n2 = 1.50, giving an optical
fibre with NA = 0.61. The values of α are given in mm−1 .

In perfect cylindrical fibres, both θ and γ of the skew ray model are preserved on
passage through the fibre. In imperfect fibres, skew rays with θ1 > θ1,M will be removed
since γ is not preserved. Hence, for long single fibres with irregular cross section, the
meridional approximation will be accurate. This is in agreement with the experimental
findings of Dugas and co-workers (1987).
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Figure 6. An optical fibre shown in perspective and in projection. Shown is a skew ray reflecting
off the core–cladding interface with meridional angle θ1 and skew angle γ . The skew angle is
the angle between the plane of the ray and the plane containing the optical axis and the normal
to the cylinder at the point of reflection.

2.2.3. Fused FO assemblies. To provide a practical optical coupling, a fused assembly of
optical fibres is required. The transmission efficiency of a fused FO assembly at an angle
θi is the product of the fractional area of the core glass (A) and the transmission efficiency
of the individual fibres which may be calculated using either equation (9) or (11).
An image may be demagnified using a fused FO taper. In tapered optical fibres,
the limiting meridional angle is specified by sin(θi,M ) = (n21 − n22 )1/2 /(ni m). The
demagnification, m, is given by the ratio of the input fibre diameter to the output fibre
diameter. These results are based upon the propagation of meridional rays in a cone with
axial length many times greater than the diameter (Kapany 1967, pp 18–22). For the
simplified situation of a Lambertian source and τ constant, the effect of demagnification is
to reduce the coupling efficiency of the optical fibre by a factor of m2 .
In FO arrays, the juxtaposition of fibres means that light which is removed from one
optical fibre will travel unguided some distance laterally before (i) leaving the faceplate,
(ii) being attenuated by the cladding or core glass, or (iii) continuing guided transmission
in an adjacent fibre. Light which enters the cladding glass rather than the core glass may
not be rapidly attenuated. It is for this reason that extramural absorption (EMA) materials
are included in fused FO arrays. Measurements of the angular dependence of transmission
efficiency of fused FO arrays with and without EMA are described below.
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Figure 7. The results of the skew ray hypothesis calculated using equation (11), (a) for different
values of α, assuming β = 0, and (b) for different values of β, assuming α = 0. The calculations
were performed using L = 6 mm, n1 = 1.62, and n2 = 1.50, giving an optical fibre with
NA = 0.61. The values of α are given in mm−1 .

3. Experimental procedure and results
3.1. Lenses
Using equation (6), the limiting meridional angle (θi,M ) was calculated as a function of
f -number and demagnification (m). These data are shown in figure 8. Using equation (1),
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the coupling efficiency of lenses was calculated for various limiting meridional angles.
These calculations, shown in figure 9, were performed for lenses coupled to a hypothetical
Lambertian light source and a phosphor screen. The angular emission of light from the
phosphor screens has been measured experimentally using a goniometer-mounted radiometer
and has been described previously (Maidment and Yaffe 1995). The results for the phosphor
screen shown in figure 9 were calculated using the angular emission model (Maidment and
Yaffe 1995) for a phosphor screen coated with an overcoat material. The results are valid
for phosphor screens with values of kp t = 0.5 (Min-R regular and medium, Eastman Kodak,
Rochester, NY) to kp t = 0.7 (Lanex regular or medium, Eastman Kodak, Rochester, NY).
One can calculate the expected coupling efficiency of any lens and most phosphor screens
by combining the data in figures 8 and 9 with an appropriate value of τ (typically 0.7–0.9).

Figure 8. The effect of demagnification and f -number on acceptance half angle (θi,M ).

3.2. Fibre optics
As described in subsection 2.3, the meridional and skew ray models predict an angular
dependence of the optical-fibre transmission efficiency. The validity of these models for
calculating the coupling efficiency of the FO faceplates and tapers used in POC detectors
was evaluated by measuring the angular-dependent radiance of a nearly Lambertian light
source (Rowlands et al 1989), with and without an FO output window. The transmission
efficiency of the fibre optics was calculated by taking the ratio of the radiance at each angle
with and without the FO faceplate. As defined in subsection 2.2.3, the transmission efficieny
of a fused faceplate includes the reduction of light transmission accounted by the fractional
area of the core glass.
The results of two such experiments are shown in figure 10. Each of the FO faceplates
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Figure 9. The effect of acceptance half angle (θi,M ) on the geometric component of the optical
coupling efficiency. The data are replotted in the inset graph to aid the reader.

consists of 6 µm diameter fibres, 6 mm long. The packing efficiency, A = 0.80 ± 0.03. The
core glass had a refractive index of n1 = 1.60 and the cladding glass had a refractive index
of n2 = 1.49. The faceplates were suspended in air, thus ni = no = 1.0, NA = 0.6, and
θi,M = 35◦ , similar to the fibres simulated and discussed in figures 5 and 7. One FO faceplate
contained EMA material; the other did not. The angular-dependent radiance emitted from
the light source was measured using a goniometer described previously (Maidment and
Yaffe 1995) for angles of θo between 0◦ and 70◦ . The measurements were repeated with
each of the two FO faceplates mounted in the exit port of the light source. Each FO
faceplate was 1 cm × 3 cm, which represents about 0.5% of the area of the integrating
sphere, and is sufficiently small to not affect the angular distribution of light within the
sphere (Kingslake 1983, p 114). Thus the light incident upon the input surface of the FO
faceplate was approximately Lambertian. The ratio of the radiance of the light incident
upon each FO faceplate to the radiance of the light transmitted through the faceplate was
used to determine τ (θ) for each FO faceplate. The average RMS measurement error was
1.4%.
The measured data, shown in figure 10, are compared to data calculated using the
meridional model equation (9) and the skew ray model equation (11). In the meridional and
skew ray models, it was assumed that α = 0.001 mm−1 , and β = 0.000 3. These values
provide the best fit of the data for angles below the limiting meridional angle (∼ 35◦ ) when
the data are simultaneously fitted to the transmission efficiency of the two FO faceplates
using a linear least-squares method. These values are typical of those of similar fibre optics.
To determine the coupling efficiency of various FO assemblies, the limiting meridional
angle, θi,M , was calculated as a function of NA and demagnification (m) assuming ni = 1.0.
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Figure 10. The transmission efficiency of two FO faceplates measured as a function of angle.
The faceplates were identical with the exception of the presence of EMA. A comparison between
experimental and theoretical results is shown. The theoretical results are given for the meridional
model (equation (9)), and the skew ray model (equation (11)).

These data are shown in figure 11. Using equation (1), the FO coupling efficiency was
then calculated for a range of values of θi,M . These calculations were performed for FO
assemblies coupled to a Lambertian source, and for the angular emission of light emitted
from a phosphor screen using the model described above. An ideal FO, with α = β = 0,
and a ‘real’ FO, with α and β as derived from the fitted data above, were modelled. In
figure 12, the coupling efficiency calculated using the meridional model of the transmission
efficiency given by equation (9) is shown. In figure 13, the coupling efficiency calculated
using the skew ray model of the transmission efficiency given by equation (11) is shown.
4. Discussion
4.1. Lenses
As shown in figure 8, both increased demagnification and increased f -number result in lower
values of θi,M . In figure 9, the coupling efficiency of lenses is shown for varying values of
the limiting meridional angle. These data were calculated for a Lambertian light source and
several phosphor screens. There is less than a 1% difference in the coupling efficiency of
light emitted at a given limiting angle for the various phosphor screens modelled. However,
for limiting angles less than 30◦ , the lens coupling efficiencies are 10% greater for light
emitted from a phosphor screen than from a Lambertian source (i.e. uniform radiance),
because the phosphor screens produce light for which the radiance is more forward directed
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Figure 11. The effect of demagnification and NA on acceptance half angle (θi,M ), assuming
ni = 1.0.

(Maidment and Yaffe 1995). Thus, the common assumption that the angular emission of
light from a phosphor screen can be treated as Lambertian will result in underestimation of
the optical coupling efficiency.
4.2. Fibre optics
A comparison of the measured and calcuated angular dependences of the FO transmission
efficiency, shown in figure 10, demonstrates a decrease in transmission efficiency near
the limiting meridional angle which is likely to be due to scattering within the fibre and
fibre wall non-uniformities. In the fibre optics without EMA, the transmission efficiency
appears to be much greater. However, this increased transmission of light is due to ‘flare’,
the transmission of light by processes other than total internal reflection. Such flare will
reduce contrast in the resulting images. These observations are consistent with the work
of Kapany (1967), who states that the transmission efficiency models fail when there is
coupling between fibres of FO assemblies (i.e. cross-talk), when there is conduction of
light in the cladding, or when there are imperfections that cause scattering or diffraction.
By the nature of their manufacture, both of the measured FO faceplates contained a
mixture of circular and irregularly shaped fibres. When viewed microscopically (×600), it
was observed that 75 ± 5% of the fibres were circular, with the remainder being hexagonal,
tear-drop shaped, or square. Skew rays will be preserved by the circular fibres; however the
skew rays with θ1 > θ1,M will not undergo guided transmission in irregularly shaped fibres
since the skew angle, γ , is not conserved. The transmission efficiency should, therefore,
be bounded in the lower limit by the results of the meridional ray model and in the upper
limit by the results of the skew ray analysis, as observed in figure 10.
The limiting meridional angles for various optical fibres are shown in figure 11. In
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Figure 12. The effect of acceptance half angle (θi,M ) on optical coupling efficiency assuming
the meridional model of transmission efficiency, without consideration of the fractional active
area (A). The data are replotted in the inset graph to aid the reader.

a similar result to that of lenses, increased demagnification or decreased NA results in a
smaller value of θi,M . The optical coupling efficiency is shown assuming the meridional
model of the transmission efficiency in figure 12, and assuming the skew ray model in
figure 13. For the meridional model, there was less than a 1% difference in coupling
efficiency between the phosphor screens, but there was nearly a 20% difference between
the phosphor screens and the Lambertian source at small angles, and 12% at large angles.
There was virtually no difference for transmission efficiency between the ideal and real fibre
optics at small angles; however for fibre optics with limiting meridional angles greater than
about 30◦ an 8–12% reduction in coupling efficiency was observed in the real fibre optics.
For the skew ray model, a similar relationship between phosphor screens and Lambertian
sources was observed. There was also a similar relationship between the values of
transmission efficiency between the real and the ideal fibre optics. However, when the
skew ray data are compared to the meridional data, greater differences are evident. For fibre
optics with limiting meridional angles of approximately 30◦ the skew ray model predicts a
nearly 50% increase in transmission efficiency as compared to the meridional model. Also,
the values of transmission efficiency plateau at a smaller limiting angle in the skew model
than in the meridional model. The presence of these systematic differences between the
meridional and skew ray models of transmission efficiency indicates that the true angular
transmission efficiency should be measured to obtain accurate estimates of photometric
efficiency with fused FO assemblies.
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Figure 13. The effect of acceptance half angle (θi,M ) on optical coupling efficiency assuming
the skew ray model of transmission efficiency without consideration of the fractional active area
(A). The data are replotted in the inset graph to aid the reader.

5. Conclusions

We have presented methods for calculating and measuring the number of quanta at various
stages in optically coupled detectors and the related coupling efficiencies. Those aspects
of fundamental optics that contribute to the calculation of coupling efficiency in lenses and
fibre optics have been reviewed. In the case of a phosphor screen coupled by lenses with
limiting angles of less than 30◦ , we calculated that the coupling efficiency will be 10%
greater than estimated for a Lambertian source. Similar differences are observed when a
phosphor screen is coupled to a fibre optic. The differences occur because a phosphor screen
typically produces light which is more forward directed than a Lambertian source.
In the case of fibre optics, an angular-dependent value of transmission efficiency is
required to estimate optical coupling efficiency accurately. The models of Kapany and
Capellaro (1961) and Potter (1961) were compared to experimentally measured results. In
the absence of flare, the two models provide the lower and upper limits of transmission
efficiency, respectively. The effect of EMA on the transmission efficiency of FO faceplates
has been demonstrated. In instances in which accurate photometry is required, the angulardependent emission of the light source and the angular-dependent transmission of the fibre
optic should be measured.
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