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Abstract—The temporal comparison of mammograms is
complex; a wide variety of factors can cause changes in image
appearance. Mammogram registration is proposed as a method to
reduce the effects of these changes and potentially to emphasize
genuine alterations in breast tissue. Evaluation of such registra-
tion techniques is difficult since ground truth regarding breast
deformations is not available in clinical mammograms. In this
paper, we propose a systematic approach to evaluate sensitivity of
registration methods to various types of changes in mammograms
using synthetic breast images with known deformations. As a first
step, images of the same simulated breasts with various amounts of
simulated physical compression have been used to evaluate a pre-
viously described nonrigid mammogram registration technique.
Registration performance is measured by calculating the average
displacement error over a set of evaluation points identified in
mammogram pairs. Applying appropriate thickness compensation
and using a preferred order of the registered images, we obtained
an average displacement error of 1.6 mm for mammograms with
compression differences of 1–3 cm. The proposed methodology is
applicable to analysis of other sources of mammogram differences
and can be extended to the registration of multimodality breast
data.

Index Terms—Breast compression, evaluation, finite elements,
image registration, mammogram synthesis, mammography, multi-
grid optimization, partial differential equations, tissue modeling.

I. INTRODUCTION

RADIOLOGISTS analyze mammograms by examining
temporal sequences of images. Such temporal compar-

isons have value because, to a first approximation, normal
breasts do not change significantly over time, except for minor
variations associated with the menstrual cycle or significant
changes in body weight, [1], [2]. Some pathological changes in
the breast are sufficiently subtle that they may pass unnoticed
for many years; thus, radiologists compare images from a
number of previous years. Such changes can be further obfus-
cated by different choices of X-ray technique, and variation in
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breast positioning or compression. It is our desire to develop
methods which will increase the sensitivity to temporal patho-
logical changes and develop means to evaluate these methods.

The task of comparing mammograms is difficult because
there are many factors which may cause changes in image
appearance, e.g., choice of image acquisition parameters,
positioning and compression of the breast, image display
parameters, and changes in breast anatomy. Changes such
as those resulting from acquisition conditions tend to affect
images globally and can typically be corrected by image
normalization methods, [3]. Differences caused by changes
in breast positioning and compression are more complex and
more difficult to correct because mammograms are projections
through the deformed breast. Mammogram registration is being
considered as a method that could suppress technical variations
(e.g., mammogram positioning and compression) and maintain
or potentially emphasize genuine alterations in the breast,
whether normal or abnormal.

This research was motivated in part by the development
of systems for computer-aided diagnosis (CAD) of breast
abnormalities, since some use bilateral or temporal mammo-
gram comparisons to improve accuracy, [4]. As with clinical
mammography, CAD systems are sensitive to various types
of changes observed in mammograms. If not corrected, these
normal changes generally decrease system performance by gen-
erating false-positive lesions or hiding true lesions. Therefore,
registering mammograms is of importance for CAD system
design.

More recently, both contrast-enhanced mammography [5],
[6] and contrast-enhanced breast tomosynthesis [7] have been
proposed. Both methods produce images of the breast in which
the physiologic distribution of iodinated contrast agents is
demonstrated. Two methods have been proposed [8]. Dual-en-
ergy subtraction [6] has the advantage that low- and high-energy
images of the breast are acquired nearly simultaneously; thus,
breast motion is minimized, but lesion contrast and background
suppression is poor. Temporal subtraction [5] results in images
with superior lesion contrast and background suppression,
but are subject to motion artifacts. Accurate registration of
precontrast and postcontrast images to compensate for any
breast motion is, thus, essential.

Both rigid [9]–[12] and nonrigid [13]–[16] methods of mam-
mogram registration have been proposed. No systematic evalu-
ation of registration performance has been reported for specific

0278-0062/$20.00 © 2006 IEEE



RICHARD et al.: PHANTOM-BASED EVALUATION OF COMPRESSED BREAST THICKNESS VARIATION EFFECTS 189

causes of image variations. Such evaluations are difficult to im-
plement using clinical data as images with known breast defor-
mation and image acquisition differences do not exist.

Here, we present a systematic approach to evaluating the sen-
sitivity of registration methods to various types of changes in
mammograms. Although this paper focuses on an analysis of
breast compression, the evaluation methodology described is
also applicable to other sources of mammogram differences.
The analysis is performed using synthetic images of the same
simulated breasts with various amounts of breast compression.
Modeling breast compression is a recent topic of research, [3],
[17]–[19]. Use of synthetic images, if accurate enough, is advan-
tageous as it allows precise control of breast deformation to be
analyzed, provides knowledge of the ground truth of the breast
anatomy before and after deformation, and enables variation in
the composition of the breast; all without the need for additional
exposures to volunteers.

II. REGISTRATION METHOD

Image registration involves finding correspondence between
coordinates in an image pair. It is conventional to define the im-
ages on a continuous subset of , [14], [20]–[22]. Image
coordinates are matched via a function , which maps onto
itself. The composition of an image, , and (denoted ) is
a geometric deformation of . Registering two images and

consists of finding a coordinate change , such that the de-
formed image is similar to the target image , using appro-
priate criteria.

It is possible to formulate the image registration in terms of an
inverse problem; namely, find a coordinate change belonging
to a functional space which minimizes an energy com-
posed of two terms

(1)

given specific boundary conditions. The first regularization
term, , is a smoothing term which ensures that the
problem is well-posed and that solutions are nondegenerate and
homeomorphic. The second similarity term, , depends on
image intensities. This term acts to constrain the registration by
approaching a minimum when the deformed image and the
target image are similar. Finally, we can use boundary con-
ditions for the definition of additional registration constraints,
[14]. The choice of appropriate similarity and regularization
terms, and boundary conditions will determine the utility of the
registration algorithm.

A. Regularization Term

Regularity constraints are usually derived from heuristic rules
regarding geometric variations that one would expect to observe
in images. For mammography we assume that variations can
be characterized as elastic deformations. Hence, we define the
regularization term as the strain energy of an elastic material.
Following Ciarlet, [23], we define this strain energy as follows.
Let be the bilinear form defined for any as

(2)

where is the operator of linearized elasticity

(3)

The Young’s modulus, , and Poisson ratio, , are positive co-
efficients, and is the linearized strain tensor

(4)

For a given 2 2-matrix denotes the trace oper-
ator. For a given smooth function , which maps into the
2 2-matrix set, denotes the divergence operator. At
a point of is a two-dimensional (2-D) vector
having the th component equal to .
We denote by the 2 2 identity matrix.

The regularization term is defined as

(5)

where are displacements associated with deformations
. In this expression, can be

factored by , so that this parameter should be interpreted as a
weighting factor. Note that this value of is not derived from
physical properties of the breast.

B. Similarity Criterion

The similarity criterion is used to account for pixel intensity
differences between the images in a registration pair. We use a
similarity criterion which is invariant to linear changes in image
intensity, in the form , where is the analyzed image,
and and are scalars. The invariance criterion is defined for
all pairs of images by

(6)

which has a unique solution

(7)

(8)

where denotes and is the inner product
defined for all by . Thus, the criterion can
also be written as

(9)

the correlation ratio between images and .

C. Boundary Conditions

The registration constraints, as defined by the similarity term
in (1), are based exclusively on image gray-levels. In breast
imaging, however, it is also relevant to use breast borders as
geometric constraints. The breast borders can usually act as a
good initial registration.
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The registration method described here combines intensity-
based and border-based constraints. Let and be two mam-
mograms to be registered. We assume that the locations of the
breast borders are known in both images. We denote by and

the set of breast coordinates in the respective mammograms.
These sets are connected, open, and included in . The bound-
aries of are denoted by and their closures (which include
both and ) are denoted by . The boundaries

are the coordinates of the breast borders. We assume that a
correspondence between boundaries was established in the ini-
tial registration, by matching the breast borders. Specifically, we
locate breast contours in both images and then match contour
points according to their relative positions in the contours, [14].
This correspondence is described by a function (or )
which maps the coordinates of onto those of .

By incorporating contour-based constraints in the registra-
tion method, the problem is restricted to the regions of interest
(ROIs) and . The image coordinate change is defined
exclusively on these regions. More precisely, it is an element of
a space composed of smooth functions mapping onto

. The inverse problem can then be stated as follows, [14].
Model 1: Find an element of which minimizes an energy

of the form

(10)

with nonhomogeneous Dirichlet boundary conditions

(11)

The energy terms of have the same definitions and play
the same roles as in (1), defined on the ROI . The boundary
conditions are additional registration constraints based on the
breast borders as hard constraints, which are suitable when-
ever borders of the ROIs are segmented and matched accurately.
When this is not the case, border-based constraints can be re-
laxed using free boundary conditions and extra energy terms,
[14]. In order for the minimization problem in (10) to be defined
and to have a solution, we have defined as the Sobolev space

. The choice of this Sobolev space ensures in par-
ticular that solutions are sufficiently differentiable. Appendix A
describes a technique for numerical solution of this minimiza-
tion problem.

III. MAMMOGRAM SIMULATION

We have applied the mammogram registration algorithm de-
scribed in the previous section to registering images of the same
breast taken with different amounts of mammographic com-
pression. This problem regularly occurs in clinical cases, es-
pecially in breast cancer screening, since mammograms of the
same woman taken at different times rarely have exactly the
same compression and positioning. In this paper, we focus on
registration of images acquired with different compressed breast
thicknesses, assuming no other changes in breast composition or
positioning between the two exams.

Obtaining clinical images of the same composition and with
different compressed breast thicknesses is not a simple task. In
screening, the breasts are imaged using a minimal number of
views (typically either one or two views per breast) due to pa-
tient dose concerns. In addition, screening dates are separated

temporally by one to two years on average; therefore, changes
in breast composition may occur and positioning cannot be ex-
actly replicated. In order to overcome these limitations, we have
used synthetic mammograms generated by computer simula-
tion of the mammographic acquisition using an anthropomor-
phic breast model, developed by Bakic et al., [24].

The anthropomorphic breast model has been designed with
a realistic three-dimensional (3-D) distribution of large- and
medium-scale tissue structures, whose projections are visible in
mammograms. The mammographic imaging process is simu-
lated using a compression model and a model of the X-ray image
acquisition process. Parameters controlling the size and place-
ment of the simulated structures provide a method for consis-
tently modeling images of the same initial breast composition
with different simulated compression.

Using synthetic images generated from a 3–D breast model
has an advantage that ground truth exists for the positions of the
imaged anatomic structures, which is essential for the evalua-
tion of registration methods. These ground truth positions are
unavailable in clinical images; instead, readily identifiable ob-
jects are used for evaluation, [12], an approach which is sensitive
to subjective errors (e.g., due to inaccuracy of manual identifi-
cation, and the small number and limited extent of the objects).

The results derived from the use of synthetic images depend
on the level of realism of the tissue and mammographic exam
simulations. In our previous publications, we have evaluated
similarity between synthetic and clinical images in terms of tex-
ture of mammogram parenchyma, [25] and the breast ductal net-
work branching, [26], [27].

A. Three-Dimensional Anthropomorphic Breast Model

The uncompressed breast model has a shape defined by
an ellipsoidal approximation of the breast outline and an el-
lipsoidal approximation of a border between internal regions
with predominantly adipose tissue (AT) and predominantly
fibroglandular tissue (FGT); these regions are regarded as the
large-scale breast tissue structures [Fig. 1(a)]. The anatomic
structures modeled within these tissue regions include skin,
Cooper’s ligaments, adipose tissue compartments within the
AT and FGT regions, and the breast ductal network [Fig. 1(b)].

An analysis of subgross histological breast images and the
corresponding mammograms showed that the background
mammographic texture, or parenchymal pattern, is formed pre-
dominantly by the projection of connective tissue surrounding
adipose tissue compartments, [24]. These compartments are
included in the model to simulate the distribution of breast
adipose tissue, and they form the medium-scale breast model
elements, together with a model of the breast ductal network.
The adipose tissue compartments are, as a first approximation,
modeled as thin spherical shells in the AT region and small
spherical blobs in the FGT region of the uncompressed model.
The interiors of the shells and blobs have the elastic and X-ray
attenuation properties of adipose tissue, while the shell layer
and the portion of the FGT region surrounding the blobs sim-
ulate the properties of glandular and connective tissue. After
simulating mammographic compression these compartments
appear as ellipsoids. Generation of the simulated adipose
compartments is described in more detail in the literature, [24].
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Fig. 1. Cross section of the breast tissue model. (a) Simulated large-scale
tissue structures: predominantly adipose tissue region (AT), predominantly
fibroglandular tissue region (FGT), and skin (SK). (b) Simulated medium-scale
internal anatomical structures: adipose compartments (AC), Cooper’s ligaments
(CL), and segments of the breast ductal network (DN).

B. Simulation of Mammographic Compression

Mammographic compression is simulated based upon tissue
elasticity properties and a simplified breast deformation model.
Deformation is simulated separately for each slice of the breast
model. Each 1-voxel thick slice of the model, positioned or-
thogonally to the compression plates and chest wall, is approx-
imated by a composite beam containing two rectangular re-
gions corresponding to the sizes of the large-scale tissue regions
within the slice. The composite beam is elastically deformed
and then transformed into the flattened shape of a compressed
breast with a thickness equal to the distance between the com-
pression plates. Fig. 2 illustrates simulation of mammographic
compression.

There is a significant variation in the values of tissue elasticity
parameters found in the literature. There are many reasons for
this variation, including differences in the measurement tech-
niques and differences in the preparation of breast tissue sam-
ples. Moreover, the reported experimental measurements have
most often been performed in vitro on small samples of dif-
ferent breast tissue types, while in vivo the elastic properties of
the whole breast are also affected by the complex admixture of
different breast tissues. We used parameters derived from the
sound velocity in tissue, [28] and tissue density. Note that the
values derived are unrelated to the values of and used in the
registration algorithm, (3). Details of the compression simula-
tion have been described in the literature, [24].

For simplicity, the X-ray image acquisition model used for
generating synthetic mammograms in this study assumes a
monoenergetic X-ray spectrum and a parallel beam geometry,
without scatter, [24]. Using such a model, we have generated
and analyzed synthetic medio-lateral oblique (MLO) mammo-
graphic views with various compressed breast thicknesses. Fig.
3(a) and (c) shows examples of synthetic projections of the
same breast (i.e., the same initial distribution of simulated tissue
structures,) for two different simulated compressed thicknesses.

Fig. 2. Simulation of mammographic compression. Tissue deformation model
is applied separately to each 1-voxel thick breast phantom slice, positioned
orthogonally to the compression plates and chest wall. Step 1: A phantom slice is
approximated by a composite beam. The beam contains two rectangular regions
whose areas and centers of gravity correspond to the AT and FGT regions within
the phantom slice. Step 2: The composite beam is elastically deformed based
on the information about breast thickness before and after compression and the
estimated elastic properties for the adipose and fibroglandular tissue types. Step
3: The deformed rectangular approximation is transformed into the slice of the
compressed phantom, taking into account the flattened shape of the compressed
breast.

IV. EVALUATION

A. Protocol

Eleven breast tissue models were used for evaluating the reg-
istration methods. The dimensions of the AT and FGT regions
(see Fig. 3, [24]) and the range of sizes of the spherical adipose
compartments (4–10 mm in the AT region and 2–4 mm in the
FGT region) were the same for all the models; however, each
model had a different volumetric distribution of adipose com-
partments. Each model was synthetically compressed to four
thicknesses (5, 6, 7, and 8 cm); the uncompressed breast thick-
ness was 10 cm. All possible pairs of images generated from the
same model with different compression thicknesses were regis-
tered using the methods described in Section II. Since the reg-
istration problem formulated in Section II is not symmetric, we
distinguished registering an image A to an image B from reg-
istering an image B to an image A. As a consequence, twelve
mammogram pairs were registered for each breast model.

The registration performance was measured by the average
displacement error calculated over a number of evaluation
points, identified in both the deformed source image and the
target image. Three types of evaluation points were selected:

1) AT/FGT border points: Points at the projected 3-D border
between the AT and FGT regions of the breast model
(2358 points per image),

2) FGT adipose compartment centers: Points at the projected
centers of adipose tissue compartments in the interior of
the FGT region (357 10 points per image),



192 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 25, NO. 2, FEBRUARY 2006

Fig. 3. Example of synthetic mammograms with the same initial internal composition. The model was compressed to (a) 8 cm (a) and (c) 5 cm . (b) Result of
registering the 8-cm image with the 5-cm image.

Fig. 4. (a) AT/FGT border points (bright dots), AT adipose compartment centers (bright crosses), and FGT adipose compartment centers (dark crosses). (b) The
projected border (dark line) of the region with constant compressed breast thickness. (c) The thickness compensation applied to (b).

3) AT adipose compartment centers: Points at the projected
centers of adipose tissue compartments in the interior of
the AT region (343 7 points per image).

An example of these types of evaluation points is shown in
Fig. 4(a); the points are shown projected in the MLO view.
These evaluation points are readily derived in the generation
of the compressed breast model. Points of types 2) and 3) are

uniformly distributed over the two tissue regions. We computed
average displacement errors at different stages: before the reg-
istration, after the initial registration which is based only on
border constraints and after the complete registration. Average
displacement errors are reported in Table I.

In a preliminary study, [29], [30], we observed that the
registration algorithm is adversely affected by thickness
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TABLE I
AVERAGE DISPLACEMENT ERRORS AND STANDARD DEVIATIONS (IN MILLIMETERS) COMPUTED AT DIFFERENT STAGES OF THE NONRIGID REGISTRATION

METHOD (BR, IR, CR), AND FOR AN AR. DATA ARE AVERAGED OVER ALL THE SYNTHETIC MAMMOGRAM PAIRS OF A GIVEN CD AND OVER

DIFFERENT TYPES OF EVALUATION POINTS

nonuniformity at the periphery of the compressed breast. We
identified the image region in which the breast thickness is
constant [Fig. 4(b), left of the dark line]; the average displace-
ment errors computed over this region were much lower than
those computed over the whole breast. We suspect this is an
effect of the difference in pixel intensity over image regions
with uniformly and nonuniformly compressed breast tissue.
As a solution, we have applied a correction for thickness
nonuniformity, by multiplying the pixel values by the ratio of
the maximum compressed breast thickness to the thickness
of the breast at the position of each pixel [see Fig. 4(c)]. We
computed average displacement errors using such preprocessed
images and showed that nonuniform thickness compensation
improved the accuracy of registration by 14 percent, [29], [30].
This correction was applied to all images used in the current
study. Thickness compensation could be applied to clinical
mammograms using methods reported in the literature, e.g., by
Snoeren et al., [31] or by Rico et al., [32].

The registration method presented in Section II consists of
minimizing an energy term which contains a trade-off between
regularization and similarity. This trade-off is controlled by the
value of the regularization weighting factor, . We chose the
value of using the L-curve approach developed for optimiza-
tion of inverse problems, [33]. An L-curve is a graph of regular-
ization scores, i.e., values of in (1), versus similarity scores,

Fig. 5. Illustration of the optimization procedure used in the nonrigid
registration method. Shown is an L-curve, a plot of the regularization versus
similarity term (R and S in (1), respectively) calculated for different values
of the weighting parameter  . The optimum value of  corresponds to the
maximum curvature of the L-curve (here:  = 100).

i.e., values of in (1), which are obtained by application of
the algorithm as regularization weights vary. The L-curve which
was obtained with the mammogram dataset is shown in Fig. 5.
This L-curve shows a point of maximal curvature when the pa-
rameter value is approximately equal to 100. This optimal point
separates the vertical part of the curve in which problem solu-
tions are under-regularized and dominated by image noise from
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the horizontal part in which solutions are over-regularized. In
the remaining experiments, .

We have also compared the nonrigid registration results with
those obtained using an optimal affine registration (AR), per-
formed by fitting affine displacements to the displacements of
all the evaluation points (see Section IV-A). Details about the
method are given in Appendix B and the corresponding average
displacement errors in Table I.

B. Results and Discussion

Table I summarizes the evaluation of the registration method,
given in Section II, using synthetic image pairs generated as
simulated mammographic projections through eleven breast
tissue models. Average displacement errors and their standard
deviations were computed over all synthetic mammogram pairs
of a given compression difference (CD). The CD is defined
as , where is the compressed
breast thickness corresponding to the source image and
is for the target image. The results were computed using the
three types of evaluation points (see Section IV-A) separately
and combined. The average displacement errors are computed
at three different stages. First, the displacement error is com-
puted before the registration (BR). Next, an initial registration
(IR) is obtained by taking into account only the constraints
derived from the breast borders when solving the variational
problem of (12) in Appendix A. The complete registration
(CR) is obtained by also taking into account the intensity-based
constraints.

The largest improvement observed after initial registration is
for the highest CDs ( cm); the displacement errors
decrease from 13.7 mm (BR) to 2.8–2.9 mm (IR) when aver-
aged over all the evaluation points. Even when registering im-
ages with the smallest analyzed CDs ( cm), the er-
rors are substantially reduced after the initial registration, drop-
ping from 4.9 mm (BR) to 1.5–1.6 mm (IR). After the complete
registration (CR), the average displacement error is further re-
duced to 1.8–2.6 mm for cm, and 1.4–1.6 mm for

cm.
The optimal AR method results in statistically significantly

larger registration errors than the CR method, e.g.,
3.9 mm (AR) versus 1.5–1.9 mm (CR), for cm. The
registration error of the AR method was dependent upon the CD
value; the CR method showed little dependence upon the breast
thickness difference (the ratio of the registration errors between
the AR and CR methods increases from 1.5 to 2.7 for CD values
of 1–3 cm). Note, however, that the AR method is not sensitive
to the ordering of the registered images.

We observed that the registration performance depended
upon the order of the registered images. The registration error
is lower when the amount of compression used for the source
image is lower (i.e., the compressed breast thickness is higher)
than for the target image, which corresponds to positive CD
values in Table I. For example, the registration error is 1.5 mm
for cm, while the error is 1.9 mm for cm.

We do not yet have a definitive explanation for this obser-
vation. However, one plausible reason is proposed. Let us de-
note by and the 3-D maps from the uncompressed breast
volume onto the source and target compressed breast volumes,

Fig. 6. Registration performance is dependent upon the order of the registered
images. � and � are the 3-D maps from the uncompressed breast
volume onto the breast volumes compressed to 5 and 8 cm, respectively. The
corresponding 2-D image maps, from a projection of the uncompressed breast
onto the mammograms of the 5- and 8-cm-thick compressed breasts, are labeled
by � and � , respectively. The solution to the problem of registering the
5-cm image onto the 8-cm image can be expressed as the 2-D map � �

� , assuming that the inverse map � exists. For such registration image
pairs, corresponding to CD = �3 cm in Table I, we observed that the average
registration error is 2.6 mm. Similarly, the registration of the 8 cm onto the 5-cm
image can be expressed by the map � � � , assuming that the inverse
map � exists. Such registration pairs correspond toCD = 3 cm in Table I,
with an observed average registration error of 1.6 mm. This example illustrates
our hypothesis that registration is superior for positive values of CD.

respectively. Further, let us denote by and the 2-D image
maps from a projection of the uncompressed breast onto the
source and target registration images, respectively. The volume
map from the source onto the target compressed breast volume
can be expressed as , where represent the inverse
3-D map from the source compressed breast onto the uncom-
pressed breast volume. The solution to the mammogram reg-
istration problem may be expressed as the 2-D map from the
source image onto the target image, ; this assumes
that the inverse transform from the source image to the projec-
tion image of the uncompressed breast exists. Note that al-
though both 3-D maps and are invertible, there is no
guarantee that and are. The assumption of invertibility is
more likely to be violated when the source image has been ac-
quired with the greater compression. This is consistent with our
observation that higher registration errors occur in cases with
negative CD values (see Table I). Fig. 6 illustrates this observa-
tion for the example of breasts compressed to 5 and 8 cm.

In order to validate the chosen range of simulated CDs, we
performed a retrospective study of 143 mammographic exams
obtained from 30 patients imaged at the Hospital of the Univer-
sity of Pennsylvania and five other Philadelphia area hospitals
between July 1996 and March 2005. We calculated the mean and
standard deviation of the compressed breast thickness for each
mammographic view (mediolateral-oblique, MLO, or cranio-
caudal, CC), for each breast, [34]. The root-mean-square value
of the standard deviations is 0.71 cm. Assuming a normal dis-
tribution of compressed breast thickness differences, 96 percent
of clinical CD values are expected to fall within four standard
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deviations , which is equal to 2.84 cm on average for all
four views. The maximum observed per-patient CD value was
3.3 cm averaged over all four mammographic views. The ana-
lyzed range of CDs in synthetic mammograms,
cm, is comparable with the clinically observed range.

V. CONCLUSION

The registration method described in Section II was success-
fully applied to synthetic mammograms with varying amounts
of compression. The evaluation results show that the nonrigid
technique can be considered as being robust to accurately cor-
recting breast CDs. We observed that the registration method
is affected by the order of images in mammogram pairs. The
amount of breast compression is usually measured during the
mammographic exam; sometimes, it can be estimated from
mammograms, [35]. We suggest selecting the image with
less compression as the registration source image. From our
previous work [29], [30] we note that it is necessary to apply
nonuniform thickness compensation. The resulting nonrigid
registration method yields an average displacement error of ap-
proximately 1.6 mm. By comparison the optimum AR method
results in an average displacement error of approximately
4.0 mm.

This paper is the first step of a long-term project to develop
a complete evaluation platform for the comparison of mammo-
gram registration methods. Registration method design involves
making assumptions about the nature of observed image varia-
tions (e.g., underlying deformations, image gray-level depen-
dencies), choosing an optimization approach (e.g., variational,
[14] or Markovian approach, [36]), and adopting an implemen-
tation strategy (e.g., finite elements). An evaluation platform
is essential to test the validity of all aspects of a registration
methods. Such a platform is available for brain imaging [37],
but none exist for breast imaging.

The trend in clinical breast imaging is toward the integration
of different modalities (e.g., mammography, breast MRI, breast
ultrasound, breast PET, contrast-enhanced mammography, [5],
tomosynthesis, [38], [39]). These modalities are based on dif-
ferent physical properties (e.g., X-ray attenuation coefficient in
mammography versus proton density in MRI), and are acquired
under different conditions (i.e., positioning and compression,
resolution, and dimensionality of data). Such modality varia-
tions require development of appropriate registration methods,
and an adequate evaluation approach. In this context, we be-
lieve that our breast model-based evaluation strategy is of partic-
ular importance, since it allows simulation of different imaging
modalities applied to the same synthetic breast anatomy.

There are two aspects to evaluating the performance of med-
ical image registration methods: technical efficacy in correcting
variations between images from a registration pair, and diag-
nostic efficacy in detecting cancer at the earliest stage possible.
This paper focuses on an approach to evaluate technical perfor-
mance of mammogram registration techniques by separately an-
alyzing effects of one specific cause of image variations, namely
changes in compressed breast thickness. In our future research,
we plan to extend the same approach to analysis of other breast
compression related effects (e.g., shear and rotation), as well as

the effects of tissue composition and the occurrence of abnor-
malities. Phantom-based evaluation of registration performance
allows separation of the causes of image variations of interest in
synthetic mammograms. On the other hand, diagnostic perfor-
mance of registration requires a clinical study in which radiolo-
gists are asked to identify abnormalities in blinded sets of mam-
mograms with and without registration applied. We believe that
such studies should occur after the technical accuracy of regis-
tration has been confirmed.

APPENDIX A
NONRIGID REGISTRATION ALGORITHM

We present here a technique for the numerical solution of the
problem in (10).

A. Algorithm Principles

We have designed a gradient descent algorithm (GD) for the
numerical solution of the problem in (10).

Let us denote by the subspace of which is composed
of the functions of equal to 0 on . Let be the solution
in of the linear variational equations

(12)

First, note that functions which are consistent with
boundary conditions in (11) are of the form ,
where . Hence, minimizing the energy over

with nonhomogeneous boundary conditions is equivalent
to minimizing the energy over the
subspace .

Let us assume that the parameters and in are known
and fixed. The Fréchet-derivative of the energy at point

in the direction is given by

(13)

where is given by

(14)

Thus, the gradient of energy with respect to the inner
product is of the form

(15)

where is the solution in of the linear equations: for
all

(16)

Next, using a time parameter , it is possible to
derive the GD algorithm. We denote by successive
approximations in of a local minimum of . At each
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time , we estimate the values and
, where functions and are defined

by (7) and (8). Using previous gradient computations, we ex-
press the algorithm in terms of the following dynamic system:

and (17)

(18)

where at each time is the solution of (16).

B. Discretization

We discretized (12) and (16) using the Galerkin method, [40].
This method consist of approximating equations in a subspace

of which is of a finite dimension and spanned by
a finite family of functions with compact support. The
variational problem in (15) is approximated by variational equa-
tions

(19)

The solution of these equations is of the form

(20)

where the coefficients are the solution of the linear system:
for all

(21)

In order to design the approximation spaces , the set
is decomposed into fixed-size nonoverlapping squares. We
define as the space formed by the functions that are of class

on and polynomial on each of the squares.
So as to reduce computation time and to obtain better mini-

mization results, we also adopt a multigrid implementation ap-
proach together with a coarse-to-fine strategy. This approach is
based on the definition of a series of embedded
subspaces

The dynamic system in (17) and (18) is discretized with respect
to time using the Euler method. After discretization, we obtain
the following algorithm

Algorithm 1: Initialize with , where
is the solution in of (12).

In the th iteration , compute
, where is a small positive value and is the solution

in of (20) and (21) for , and
.

APPENDIX B
AFFINE REGISTRATION TECHNIQUE

Affine displacements are defined over points of the
domain as

where parameters and are scaling factors and
and are translation factors. From a set of homologous fiducial
points selected in the registration image pair, we derive indexed
samples of true displacements at fiducial point
positions . We then fit affine displacements to
these samples by computing the affine parameter values which
minimize the mean square error

The explicit solutions of this problem are

where, for real samples and
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