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Purpose: In digital breast tomosynthesis (DBT), a volumetric reconstruction of the breast is gener-

ated from a limited range of x-ray projections. One trade-off of DBT is resolution loss in the projec-

tions due to non-normal (i.e., oblique) x-ray incidence. Although degradation in image quality due

to oblique incidence has been studied using empirical data and Monte Carlo simulations, a theoreti-

cal treatment has been lacking. The purpose of this work is to extend Swank’s calculations of the

transfer functions of turbid granular phosphors to oblique incidence. The model is ultimately used

as a tool for optimizing the design of DBT detectors.

Methods: A quantum-limited system and 20 keV x-rays are considered. Under these assumptions,

the modulation transfer function (MTF) and noise power spectra (NPS) are derived using the diffu-

sion approximation to the Boltzmann equation to model optical scatter within the phosphor. This

approach is applicable to a nonstructured scintillator such as gadolinium oxysulfide doped with ter-

bium (Gd2O2S:Tb), which is commonly used in breast imaging and which can reasonably approxi-

mate other detector materials. The detective quantum efficiency (DQE) is then determined from the

Nishikawa formulation, where it is written as the product of the x-ray quantum detection efficiency,

the Swank factor, and the Lubberts fraction. Transfer functions are calculated for both front- and

back-screen configurations, which differ by positioning the photocathode at the exit or entrance

point of the x-ray beam, respectively.

Results: In the front-screen configuration, MTF and DQE are found to have considerable angular

dependence, while NPS is shown to vary minimally with projection angle. As expected, the high

frequency MTF and DQE are degraded substantially at large angles. By contrast, all transfer func-

tions for the back-screen configuration have the advantage of significantly less angular dependence.

Using these models, we investigated the possibility for optimizing the design of DBT detectors. As

an example optimization strategy, the phosphor thickness which maximizes the DQE at a fixed fre-

quency is analyzed. This work demonstrates that the optimal phosphor thickness for the front-

screen is angularly dependent, shifting to lower thickness at higher angles. Conversely, the back-

screen is not optimized by a single thickness but instead attains reasonably high DQE values over a

large range of thicknesses. Although the back-screen configuration is not suited for current detec-

tors using a glass substrate, it may prove to be preferred in future detectors using newly proposed

plastic thin-film transistor (TFT) substrates.

Conclusions: Using the diffusion approximation to the Boltzmann equation to model the spread of

light in a scintillator, this paper develops an analytical model of MTF, NPS, and DQE for a phos-

phor irradiated obliquely. The model is set apart from other studies on oblique incidence in being

derived from first principles. This work has applications in the optimization of DBT detector

design. VC 2011 American Association of Physicists in Medicine. [DOI: 10.1118/1.3639999]

Key words: oblique x-ray incidence, digital breast tomosynthesis (DBT), optical transfer function

(OTF), noise power spectra (NPS), detective quantum efficiency (DQE)

I. INTRODUCTION

In many radiographic studies, non-normally (i.e., obliquely)

incident x-rays provide a source of blurring at the periphery

of the detector due to the divergence of the x-ray beam emit-

ted from the focal spot. Que and Rowlands proposed an ana-

lytical model of the resolution loss due to oblique incidence

by deriving an expression for the modulation transfer func-

tion (MTF) of amorphous selenium (a-Se) detectors from

first principles.1 Their work assumes that the detector is

operated in drift mode, so that the point spread function

(PSF) for normal incidence is a delta function and hence the

MTF for normal incidence is unity at all frequencies.2

Oblique incidence is more readily observed in digital

mammography (DM) than many other imaging studies. A

DM detector is placed closer to the focal spot than most

modalities3 to counteract the loss in x-ray penetration result-

ing from the use of relatively low energies (�20 keV).4–6
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The drawback of decreasing the source-to-detector distance

is increasing the angle of incidence relative to the normal,

especially at the edges of the detector. For example, the

maximum angle of incidence is 25� for a DM system with a

detector field-of-view (FOV) of 24� 30 cm and a source-to-

image distance of 70 cm measured at the midpoint of the

chest wall.

In digital breast tomosynthesis (DBT), low dose x-ray

projection images are acquired over a limited range of angles

around the breast, and sharply in-focus slices at all depths of

the breast volume are generated using image reconstruction

techniques. Preliminary studies indicate that DBT provides

increased sensitivity and specificity relative to DM for the

early detection of breast cancer in women.7 One shortcoming

of DBT, however, is that it is more directly impacted by the

resolution loss due to oblique incidence than DM. The maxi-

mum projection angle in DBT can be as large as 20� or 30�,
and the angle of incidence at the edges of the detector is

even higher if one takes into account the divergent x-ray

beam geometry. While some DBT systems incorporate a

rotating detector to counteract changes in obliquity, many

systems employ a stationary detector.

Mainprize et al. experimentally demonstrated the resolu-

tion loss due to oblique incidence in cesium iodide doped

with thallium (CsI:Tl), a structured phosphor-based detector,

using the slanted edge technique to measure MTF.8 The

authors showed that at 10� incidence, the MTF degradation

becomes comparable to the resolution loss associated with

other common sources of image blurring, such as the blur-

ring of the focal spot and the lateral spread of visible light

within the scintillator. At 40� incidence, the MTF is reduced

considerably; for example, at 5 line pairs per mm (lp=mm),

the MTF is degraded by 35%–40% over a broad range of

kVp and target-filter combinations.

While Mainprize et al. did not measure noise power spec-

tra (NPS), Hajdok and Cunningham have calculated NPS

using Monte Carlo simulations of a-Se.3 Their work demon-

strated that unlike MTF, NPS has minimal angular depend-

ence. Since the detective quantum efficiency (DQE) is

dependent upon the square of the MTF, Hajdok and Cun-

ningham have shown that the DQE degradation with oblique

incidence at high frequencies is more pronounced than the

MTF degradation.

Although oblique incidence has been studied experimen-

tally and using Monte Carlo simulations, a theoretical treat-

ment has been lacking. For this reason, the purpose of this

paper is to extend Swank’s calculations9 of the transfer func-

tions of turbid granular phosphors to oblique incidence.

Building off our previous work on oblique incidence,10 we

analyze the light diffusion equations in a nonstructured scin-

tillator such as gadolinium oxysulfide doped with terbium

(Gd2O2S:Tb), which is commonly used in breast imaging

and which can reasonably approximate other detector mate-

rials. The theoretical formulation of this work differs from

the one proposed by Que and Rowlands in not making the

assumption that the PSF for normal incidence is a delta func-

tion. Ultimately, the analytical model is used as a tool for

optimizing the design of the phosphor for oblique incidence.

II. METHODS

II.A. Transfer functions for front-screen configuration

The optical transfer function (OTF), NPS, and DQE of a

turbid granular phosphor are derived here from first princi-

ples for all angles of incidence. The Boltzmann transport

equation may be used to model the spread of visible light in

a turbid phosphor. A first-order, steady state solution to the

Boltzmann transport equation is a diffusion equation of the

form11

�r2/ðrÞ þ r2/ðrÞ ¼ SðrÞ; (1)

where /(r) is the product of the density of the secondary car-

riers (i.e., the optical photons) with the diffusion constant, r
is the reciprocal of the mean diffusion length of the second-

ary carriers, and S(r) is the source function. The diffusion

equation is a useful approximation to the Boltzmann trans-

port equation provided that three criteria are met: (1) solu-

tions for /(r) are determined far from the x-ray source S(r)

relative to the mean free path of optical scatter; (2) the opti-

cal properties of the phosphor possess no discontinuities;

and (3) the probability of optical absorption is small com-

pared against the probability of optical scatter.12 This model

has been used by Swank for normal incidence 9 and has

shown good agreement with experimental data.12,13

As shown in Fig. 1, the source function S(r) in Eq. (1)

may be modeled as the point (z0 tan h, 0, z0) along the x-ray

path length, where z0 is depth within the scintillator of total

thickness T and where h is the angle of incidence relative to

the normal. In terms of delta functions, S(r) can be written

as

SðrÞ ¼ dðx� z0 tan hÞdðyÞdðz� z0Þ: (2)

Using the Fourier representation of the delta function,14 the

source function can equivalently be expressed as the integral

SðrÞ ¼ dðz� z0Þ
ð1
�1

ð1
�1

e2pi½ðx�z0 tan hÞ�xþy�y�d�xd�y: (3)

Defining m as the 2D spatial frequency vector with compo-

nents �x and �y, solutions to Eq. (1) can be written in the form

FIG. 1. In terms of delta functions, the source function S(r) at the depth z0 of

the phosphor is found from trigonometry to be dðx� z0 tan hÞdðyÞdðz� z0Þ,
where h is the angle of x-ray incidence relative to the normal. The figure

assumes a front-screen configuration in which x-rays are incident on the

backing at z¼ 0 before striking the photocathode at z¼T. Reversing the

direction of the arrowhead of the x-ray beam converts the front-screen con-

figuration to a back-screen configuration.
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/ðx; y; zÞ ¼
ð1
�1

ð1
�1

wkðzÞe2piðx�xþy�yÞd�xd�y: (4)

Substituting Eqs. (3) and (4) into Eq. (1), it can be shown that

� d2wk

dz2
þ q2wk ¼ e�ikxz0 tan hdðz� z0Þ; (5)

where

q2 ¼ r2 þ k2
x þ k2

y ; (6)

k ¼ 2pm: (7)

To solve Eq. (5) for wk(z), one can apply integral transform

techniques.15,16 Denoting the Laplace transform of wk(z) as

Lk(p), the transform of the differential equation is

ð�p2 þ q2Þ � LwkðpÞ þ C1pþ C2 ¼ e�ikxz0 tan he�pz0 ; (8)

where C1 and C2 are the constants of integration. Solving for

Lwk(p) and taking the inverse transform generates the fol-

lowing piece-wise expression for wk(z):

wkðzÞ ¼
C1 coshðqzÞ þ C2

q
sinhðqzÞ; 0 � z � z0

C1 coshðqzÞ þ C2

q
sinhðqzÞ � e�ikxz0 tan h

q
sinh qðz� z0Þ½ �; z0 < z � T

8><
>: (9)

The constants C1 and C2 can now be determined from

boundary conditions concerning secondary carrier currents

directed toward the planes at z¼ 0 and z¼T. In terms of the

inverse relaxation length, s, the secondary carrier currents

across any plane of constant z are

jleftðzÞ ¼
1

2
/sþ d/

dz

� �
; (10)

jrightðzÞ ¼
1

2
/s� d/

dz

� �
: (11)

In the right-hand side of the two equations, the first term

models the effusion current, while the second term comes

from Fick’s law. The first boundary condition is determined

by the reflectivity r0 of the plane at z¼ 0. Noting that

jright(0)¼ r0 jleft(0), one finds

d/
dz

����
z¼0

¼ sq0/jz¼0; (12)

where

q0 	
1� r0

1þ r0

: (13)

The second boundary condition is determined from the

reflectivity r1 of the boundary at z¼T, as stipulated by the

expression jleft(T)¼ r1 jright(T). Defining q1 similar to q0 and

noting that the boundary conditions hold for each Fourier

component wk of /, it can be shown that

C1 ¼
ðqþ sq1ÞeqðT�z0Þ þ ðq� sq1Þe�qðT�z0Þ

ðqþ sq0Þðqþ sq1ÞeqT � ðq� sq0Þðq� sq1Þe�qT

� �
� e�ikxz0 tan h;

(14)

C2 ¼ sq0C1: (15)

Consistent with Swank’s approach, the photocathode is

defined by the plane z¼T and the backing is defined by the

plane z¼ 0, as diagrammed schematically in Fig. 1. The

OTF of the scattering process, G(m, z0), is then determined

for a point source from the expression

Gðm; z0Þ ¼
q1

1þ q1

� �
wks�

dwk

dz

� �����
z¼T

: (16)

Hence,

Gðm; z0Þ

¼ sq1

ðqþ sq0Þeðq�ikx tanhÞz0 þ ðq� sq0Þe�ðqþikx tanhÞz0

ðqþ sq0Þðqþ sq1ÞeqT � ðq� sq0Þðq� sq1Þe�qT

� �
:

(17)

To calculate the OTF of the entire phosphor, one multiplies

Eq. (17) by the relative x-ray signal as a function of the depth z0

NFðz0Þ ¼
le�lz0 sec h sec h

1� e�lT sec h
; (18)

where l is the linear attenuation coefficient of the phosphor,

and then integrates over the phosphor thickness. Assuming a

front-screen (F) configuration in which x-rays are first inci-

dent on the backing at z¼ 0 before striking the photocathode

at z¼T, the OTF is thus

GFðmÞ ¼
ðT

0

NFðz0ÞGðm; z0Þdz0 (19)

¼ bl sec h
1� e�lT sec h

ðqþ sq0Þðeðc��ikx tan hÞT � 1Þ
c� � ikx tan h

�

�ðq� sq0Þðe�ðcþþikx tan hÞT � 1Þ
cþ þ ikx tan h

�
; (20)

where

b	 sq1

ðqþ sq0Þðqþ sq1ÞeqT�ðq� sq0Þðq� sq1Þe�qT
; (21)

c6 	 q6l sec h: (22)

The MTF is found from the normalized modulus of the OTF.17

In the absence of outside noise sources, the quantum NPS

or WF(m) is calculated by integrating the product of NF(z0)

with jG(m, z0)j2 from z0¼ 0 to z0¼T.
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WFðmÞ ¼
ðT

0

NFðz0Þ Gðm; z0Þj j2dz0 (23)

¼ b2l sec h
1� e�lT sec h

ðqþ sq0Þ2ðeðqþc�ÞT � 1Þ
qþ c�

þ 2ðq2 � s2q2
0Þð1� e�lT sec hÞ
l sec h

þ ðq� sq0Þ2ð1� e�ðqþcþÞTÞ
qþ cþ

" #
(24)

With the OTF and quantum NPS known, it is now possible

to determine the DQE. From the work of Nishikawa, DQE

can be formulated as the product of four terms12

DQEðmÞ ¼ AQASRCðmÞRNðmÞ; (25)

where AQ is the x-ray quantum detection efficiency (QDE)

determined by the Lambert-Beer Law as

AQ ¼ 1� e�lT sec h; (26)

AS is the Swank information factor

AS ¼
G2

Fð0Þ
WFð0Þ

; (27)

RC(m) is the Lubberts fraction

RCðmÞ ¼
1

AS
� GFðmÞj j2

WFðmÞ
; (28)

and RN(m) is the ratio of the x-ray quantum noise power to

the total noise power. Assuming a quantum-limited imaging

system, RN(m) is taken to be unity in this work.

II.B. Transfer functions for back-screen configuration

In a similar fashion, the transfer functions for a back-

screen (B) configuration can be calculated. Unlike the

front-screen configuration, x-rays first strike the photoca-

thode at z¼T before passing through the backing at

z¼ 0. This modification reverses the direction of the

x-ray beam in Fig. 1 without further altering the diagram.

Hence

NBðz0Þ ¼
le�lðT�z0Þ sec h sec h

1� e�lT sec h
; (29)

so that the OTF and quantum NPS are found to be

GBðmÞ ¼
bl sec h

elT sec h � 1

ðqþ sq0Þðeðcþ�ikx tan hÞT � 1Þ
cþ � ikx tan h

�

�ðq� sq0Þðe�ðc�þikx tan hÞT � 1Þ
c� þ ikx tan h

�
; (30)

WBðmÞ ¼
b2l sec h

elT sec h � 1

ðqþ sq0Þ2ðeðqþcþÞT � 1Þ
qþ cþ

þ 2ðq2 � s2q2
0ÞðelT sec h � 1Þ

l sec h
þ ðq� sq0Þ2ð1� e�ðqþc�ÞTÞ

qþ c�

" #
: (31)

Equations (30) and (31) follow from Eqs. (19) and (23); the

subscript “B” is used to denote a back-screen.

III. RESULTS FOR A MODEL DETECTOR

III.A. Transfer Functions for Front- and Back-Screen
Configurations

The OTF, NPS, and DQE calculations are now illustrated

for a phosphor with a reflective backing (r0¼ 1), a nonreflec-

tive photocathode (r1¼ 0), and optical scatter at the diffusion

limit (s!1). In view of the limitations of Swank’s model,

a large value of s has been chosen. As Swank demonstrated

in his original paper,9 the MTF of a scattering phosphor

(s> 0) is always higher than the MTF a nonscattering phos-

phor (s¼ 0) at low frequencies, but the opposite trend arises

at high frequencies. The crossover point of the scattering and

nonscattering MTF curves corresponds to the frequency

beyond which Swank’s model becomes inaccurate. For very

small values of s, the crossover point occurs at relatively

low frequencies. However, for infinite s, the scattering MTF

curve never crosses the nonscattering MTF curve between 0

and 10 lp=mm. Hence, Swank’s model is increasingly accu-

rate in approaching the diffusion limit.

In calculating the transfer functions, we assume 20 keV

monoenergetic x-rays4–6 and a porous, 100 lm thick

Gd2O2S:Tb phosphor with 50% packing density. The attenu-

ation coefficient l for the porous phosphor is determined by

halving the value for a crystalline phosphor.12 Since crystal-

line Gd2O2S has a mass density of 7.34 g=cm3 and a mass

attenuation coefficient of 36.9 cm2=g for 20 keV x-rays,18

the attenuation coefficient for porous Gd2O2S is 13.5 mm�1.

In Fig. 2, cross sections of the MTF surface are plotted

versus frequency at two polar angles (a) of the frequency

vector (0� and 90�) for multiple angles of incidence and two

optical absorption parameters. The value of the high optical

absorption parameter (r¼ 20 mm�1) was chosen to match

Swank’s example9 in which rT¼ 2. In practice, the optical

absorption can be increased by adding an optical dye to the

phosphor. Following convention, the polar angle is defined

as the angle of the frequency vector relative to the x axis, so

6191 R. J. Acciavatti and A. D. Maidment: Optimization of phosphor-based detectors for breast tomosynthesis 6191
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that the 0� polar angle is only perpendicular to the x-ray

beam for normal incidence and the 90� polar angle is always

perpendicular to the x-ray beam (Fig. 1).

Consistent with Swank’s work at normal incidence,

Fig. 2 demonstrates that increasing the optical absorption

increases the MTF. Figure 2(a) indicates that increasing the

angle of incidence decreases the MTF, giving rise to poorer

spatial resolution in the front-screen configuration. For

example, comparing 30� incidence to normal incidence at

5.0 lp=mm (a¼ 0�), the MTF decreases by 17% in a phos-

phor with no optical absorption and by 15% in a phosphor

with high optical absorption. As expected, the MTF has

minimal angular dependence orthogonal to the ray of inci-

dence [Fig. 2(c)].

Figures 2(b) and 2(d) demonstrate that the back-screen

configuration has superior MTF to the front-screen configu-

ration for all projection angles. This result has been well-

established for normal incidence.19,20 More significantly,

Figures 2(b) and 2(d) further show that the angular depend-

ence of the MTF is much less pronounced in the back-screen

configuration than in the front-screen configuration. For

example, comparing 30� incidence to normal incidence at

5.0 lp=mm along a 0� polar angle, the back-screen MTF

decreases by a mere 3%. Unlike the front-screen, the back-

screen MTF increases slightly with projection angle for

measurements orthogonal to the incident ray.

In Fig. 3, normalized NPS (NNPS) is plotted versus fre-

quency for the same scintillator. Like MTF, NNPS increases

with increasing optical absorption for all angles of incidence.

Unlike MTF, NNPS is independent of the directionality of

the frequency vector. Over projection angles typical of DBT,

the angular dependence of the NNPS is minimal. For

example, comparing 30� incidence to normal incidence at

5.0 lp=mm in a front-screen configuration, NNPS decreases

by 8% in a phosphor with no optical absorption and by 4%

in a phosphor with high optical absorption. In a back-screen

configuration, NNPS increases slightly by 5% and 2%,

respectively.

Figure 4 shows DQE versus frequency. In both a front-

and back-screen configuration, Figures 4(a) and 4(b) demon-

strate that for measurements made along a 0� polar angle,

DQE increases with projection angle at low frequencies and

decreases with projection angle at high frequencies. At low

frequencies, the angular dependence of the x-ray quantum

FIG. 2. The modulation transfer function (MTF) of a porous Gd2O2S:Tb phosphor is plotted versus frequency measured along 0� and 90� polar angles for mul-

tiple incident angles (h¼ 0�, 10�, 20�, 30�) and two optical absorption parameters (r¼ 0, 20 mm�1). The scintillator possesses a reflective backing, a nonre-

flective photocathode, optical scatter at the diffusion limit, and quantum-limited noise. Also, the phosphor thickness is 100 lm, and the incident x-ray energy

is 20 keV. As shown, the front-screen configuration has considerably more angular dependence than the back-screen configuration.
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detection efficiency (AQ) is responsible for the DQE

increase. In calculating AQ using Eq. (26), the x-ray path

length increases from the phosphor thickness T with normal

incidence to Tsech with oblique incidence; hence a greater

number of x-rays are converted to visible light. At high fre-

quencies, the degradation in DQE with increasing projection

FIG. 4. Detective quantum efficiency (DQE) is plotted versus frequency. Along a 0� polar angle, DQE increases with projection angle at low frequencies and

only decreases with projection angle at high frequencies. The front-screen has much more angular dependence than the back-screen at very high frequencies.

For measurements orthogonal to the incident ray (90� polar angle), DQE increases with projection angle over a very broad range of frequencies in both config-

urations. The plots implicitly share a legend with Fig. 2.

FIG. 3. Normalized noise power spectra (NNPS) is plotted versus frequency. NNPS is independent of the directionality of the frequency vector. While front-

screen NNPS decreases with projection angle, back-screen NNPS increases slightly with projection angle. The plots implicitly share a legend with Fig. 2.
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angle arises from the combined angular dependencies of the

OTF and NPS. The high frequency DQE for the front-screen

configuration is lower than that of the back-screen configura-

tion, and its degradation with projection angle is much more

pronounced. For example, at 5.0 lp=mm in a front-screen

irradiated at a 30� angle, the DQE decreases by 20% relative

to normal incidence. In the back-screen configuration, the

relative decrease in DQE is less than 5%.

In the direction orthogonal to the incident ray, DQE

increases with projection angle over a very broad range

of frequencies [Figs. 4(c) and 4(d)]. Comparing 30� inci-

dence with normal incidence at 5.0 lp=mm in a front-

screen configuration, DQE increases by 6% in a phosphor

with no optical absorption and by 4% in a phosphor with

high optical absorption. Using a back-screen configura-

tion, the relative increase in DQE is approximately twice

as high.

In Fig. 5, the angular dependence of the Swank factor

(AS) used for calculating the DQE is studied. Swank has

shown that AS provides a measure of the fluctuation in sig-

nal generated from each x-ray photon due to variability in

the absorbed energy of each interacting x-ray and in the

number of secondary carriers generated from each interact-

ing x-ray.21 Figure 5 demonstrates that in a phosphor with

no optical absorption, the Swank factor is unity at all projec-

tion angles for either the front- or back-screen configuration.

By contrast, in a phosphor with high optical absorption, the

Swank factor has slight angular dependence over projection

angles typical of DBT. For example, comparing 30� inci-

dence to normal incidence, AS increases by 0.3% in a front-

screen configuration and by 0.5% in a back-screen configu-

ration. At very oblique angles approaching shearing inci-

dence (h¼ 90�), the Swank factor increases sharply to unity.

Unlike AS, DQE(0) is projection angle dependent for all

possible optical absorption parameters. For both configura-

tions, the relative increase in DQE(0) comparing 30� inci-

dence to normal incidence is 6% in a phosphor with no

optical absorption and 7% in a phosphor with high optical

absorption. The angular dependence of DQE(0) is therefore

more pronounced than the Swank factor.

III.B. Anisotropy of the transfer functions over the
detector area

Because the focal spot of a DBT system emits x-rays in

all directions, the angle of incidence is spatially variant at

each point on the detector. Assuming a stationary detector

whose center-of-rotation (COR) coincides with the midpoint

of the chest wall, the angle of incidence relative to the nor-

mal at each point (x, y) on the detector may be determined

from the expression

h ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� h sin DÞ2 þ y2

q
h cos D

2
4

3
5; (32)

where h is the source-to-COR distance and D is the nominal

projection angle (i.e., the angle of the x-ray tube arc relative

to the normal at the COR). In deriving this result, the phos-

phor thickness (T) is taken to be negligible compared against

the source-to-COR distance (h). Also, the chest wall defines

the x axis of the detector and its midpoint the origin. For a

24� 30 cm field-of-view (FOV) and a source-to-COR dis-

tance of 70 cm, the angle h is plotted versus the length (x)

and the width (y) of the detector for the central projection

(D¼ 0�) and an oblique projection (D¼ 20�) in Fig. 6. In the

central projection [Fig. 6(a)], the angle of incidence relative

to the normal varies between 0� and 25�, and in the oblique

projection [Fig. 6(b)], it varies between 10� and 35�. For ei-

ther case, the maximum angle is found at a corner of the

FOV opposite the chest wall.

Like the angle of incidence, the transfer functions of the

phosphor are spatially variant across the detector area

(Fig. 7). To illustrate the spatial anisotropy of one of the

transfer functions, a surface plot of front-screen DQE versus

position along the detector is shown for the frequency

5.0 lp=mm in a phosphor with high optical absorption

assuming a 0� polar angle for the frequency vector. In the

central projection [Fig. 7(a)], the front-screen DQE varies

between 0.34 and 0.30 (12% decrease), and in the oblique

projection [Fig. 7(b)], it varies between 0.33 and 0.24 (27%

decrease). Although not plotted in the figure, one can show

that the back-screen DQE has much less variation over the

detector area in either projection (<4% decrease).

III.C. Optimization of phosphor thickness for oblique
incidence

In addition to illustrating the impact of oblique incidence

on the transfer functions of a phosphor, the analytical models

FIG. 5. The Swank information factor (AS) has no angular dependence in a

phosphor lacking optical absorption and slight angular dependence over typ-

ical incident angles in a phosphor with high optical absorption. DQE(0) has

greater relative variation with incident angle. Both AS and DQE(0) increase

sharply to unity at angles approaching shearing incidence (h¼ 90�).
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developed in this work can be used as a platform for opti-

mizing detector design over the range of projection angles

used in DBT. One important element in the design of a phos-

phor is its x-ray quantum detection efficiency (QDE). In

Figs. 8 and 9, DQE at a fixed frequency is plotted versus

QDE at normal incidence to investigate whether DQE can be

maximized by varying QDE. Both figures have been gener-

ated using the same phosphor parameters analyzed in

Figs. 2–5, except the phosphor thickness T is now left as a

variable which allows QDE at normal incidence to vary.

T ¼ 1

l
� ln 1

1� AQ0

� �
(33)

In Eq. (33), AQ0 denotes the QDE at normal incidence.

Figure 8 illustrates that in a front- or back-screen configu-

ration with no optical absorption, DQE(0) can be optimized

by manufacturing a phosphor with a very large thickness

(100% QDE). By contrast, in a phosphor with high optical

absorption, the dependency of DQE(0) on QDE is quite

different for the two configurations. In a front-screen,

DQE(0) is maximized by an intermediate QDE which is pro-

jection angle dependent, favoring smaller thicknesses at

larger angles. For example, in the 0� and 30� projections, the

optimal QDE at normal incidence are 0.73 and 0.72 corre-

sponding to 97 and 94 lm thicknesses, respectively. By con-

trast, the back-screen DQE(0) attains relatively high values

over a broader range of QDE. With 100% QDE, DQE(0) pla-

teaus to 0.64 and 0.68 for the 0� and 30� projections,

respectively.

In Fig. 9, the dependency of DQE on QDE is analyzed at

a higher frequency (5.0 lp=mm). The high frequency DQE

for the front-screen is maximized at an intermediate QDE

for both optical absorption parameters. For measurements

made along the 0� polar angle in a front-screen with no opti-

cal absorption, the optimal QDE values at normal incidence

are 0.60 for the 0� projection and 0.54 for the 30� projection,

corresponding to 68 and 58 lm thicknesses, respectively

[Fig. 9(a)]. With high optical absorption, the respective QDE

optima are 0.55 and 0.51 (59 and 52 lm thicknesses). In the

direction orthogonal to the incident ray, the optimal QDE

have less projection angle dependence [Fig. 9(c)].

Unlike the front-screen configuration, the back-screen

configuration supports relatively high DQE over large QDE

values at 5.0 lp=mm. For measurements made along the 0�

polar angle [Fig. 9(b)], the back-screen DQE plateaus to

FIG. 6. The angle of incidence relative to the normal is plotted versus position along the detector for (a) the central projection and (b) an oblique projection.

The DBT system has a source-to-COR distance of 70 cm, and the nominal projection angle in (b) is 20�.

FIG. 7. The anisotropy of the transfer functions over the detector is illustrated by plotting the front-screen DQE at a fixed spatial frequency (5.0 lp=mm) versus

areal position, assuming high optical absorption (r¼ 20 mm�1) and frequency measurements along a 0� polar angle. The oblique projection has greater varia-

tion in DQE over the detector area than the central projection. The directionalities of the x and y axes are flipped relative to Fig. 6 to improve visualization of

the surfaces.
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0.51 and 0.48 for the 0� and 30� projections, respectively, in

a phosphor with no optical absorption (0.46 and 0.45 with

high optical absorption). For measurements made along the

orthogonal direction, the back-screen DQE attains a higher

plateau; also, the asymptote actually increases slightly with

projection angle [Fig. 9(d)].

FIG. 8. For four angles of incidence and two optical absorption parameters, the dependency of DQE(0) on QDE at normal incidence is analyzed. With no opti-

cal absorption, DQE(0) for both front- and back-screen configurations is optimized by large QDE. With high optical absorption, the maximum DQE(0) for the

front-screen occurs at intermediate QDE, while relatively high DQE(0) for the back-screen occurs over a broad range of large QDE. The optimal QDE for the

front-screen is angularly dependent.

FIG. 9. At 5.0 lp=mm, DQE is plotted versus QDE at normal incidence. In the front-screen configuration, DQE is optimized by an intermediate QDE. The opti-

mal QDE is projection angle dependent, shifting to lower values (thinner phosphors) at larger angles. By contrast, in the back-screen configuration, relatively

high DQE is supported over large QDE values for all projection angles. The plots implicitly share a legend with Fig. 8.
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To illustrate the dependence of DQE on both frequency

and QDE, a surface plot is shown in Fig. 10 assuming 30�

incidence, high optical absorption, and frequency measure-

ments along the 0� polar angle. The curvature of the front-

screen surface demonstrates that the value of QDE which

maximizes DQE decreases with frequency. By contrast, the

back-screen surface shows that DQE is not optimized by a

single QDE value. Instead, at all frequencies, the back-

screen supports relatively high DQE over very large QDE.

Figures 8–10 demonstrate that the optimal thickness of a

front-screen is both projection angle dependent and fre-

quency dependent. In Fig. 11, the combined dependence is

shown explicitly in a surface plot, assuming a 0� polar angle

and high optical absorption. The graph was generated in MAT-

LAB R2010b by discretizing a grid (60� 60) of incident

angles and frequencies from 0� to 45� and 0 to 10 lp=mm,

respectively. The optimal thickness which maximizes DQE

was determined by the zero of the first partial derivative of

DQE with respect to phosphor thickness. Because the zeros

of the first DQE derivative cannot be easily solved in closed

form, Newton’s method was implemented to find the zeros

numerically

Tnþ1 ¼ Tn �
@DF

@T

����
T¼Tn

� @2DF

@T2

����
T¼Tn

" #�1

; n 2N; (34)

where DF is the symbolic abbreviation for front-screen

DQE. For all projection angles and frequencies investigated

in the plot, the initial guess (25 lm) and the number of itera-

tions (9) provided convergence exceeding ten decimal pla-

ces. Figure 11 demonstrates that the optimal phosphor

thickness for the front-screen configuration is a decreasing

function of both incident angle and frequency, ranging from

97 lm (0� incidence, 0 lp=mm) to 25 lm (45� incidence,

10 lp=mm).

IV. COMPARISON WITH RESULTS IN THE
LITERATURE

This paper extends Swank’s calculations9 of the transfer

functions of turbid phosphors to oblique x-ray incidence. In

the limiting case of normal incidence, the formulas presented

in this paper exactly reduce to Swank’s results. Our work is

unique in modeling the transfer functions for oblique inci-

dence in closed form without making the assumption that the

PSF of normal incidence is a delta function.1 One benefit of

this approach is unifying many prior results on oblique inci-

dence under one model. For example, in a front-screen con-

figuration, we demonstrate that oblique incidence degrades

the MTF, and that the resultant loss in resolution becomes

more pronounced with increasing frequency and increasing

angle. Although these findings are derived for a turbid phos-

phor such as Gd2O2S:Tb, they are consistent with experi-

mental data on CsI:Tl presented by Mainprize et al.8 as well

as analytical modeling of a-Se proposed by Que and Row-

lands.1 On a similar note, we have observed that NPS is

degraded with increasing projection angle, though to a lesser

degree than MTF. This finding is concordant with the prior

work of Hajdok and Cunningham,3 who performed Monte

Carlo simulations of a-Se. As a final point, we have shown

FIG. 10. A surface plot shows the dependence of DQE on both frequency and QDE at normal incidence, assuming h¼ 30�, r¼ 20 mm�1, and a 0� polar angle

for the frequency vector. At all frequencies, the front-screen DQE is optimized by an intermediate QDE. By contrast, the back-screen DQE attains relatively

high values over a broad range of large QDE (thick phosphors).

FIG. 11. For a front-screen configuration, the dependence of the optimal

phosphor thickness on both the angle of incidence and frequency is ana-

lyzed, assuming r¼ 20 mm�1 and a 0� polar angle for the frequency vector.
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that DQE increases with incident angle at low frequencies

but only decreases with incident angle at high frequencies.

Consistent with the findings of Hajdok and Cunningham, the

DQE degradation with projection angle at high frequencies

is more pronounced than the MTF degradation, reflecting the

dependency of DQE on the square of MTF.

In this work, it has been observed that the Swank factor is

angularly dependent, but that its variation is small over pro-

jection angles typical of DBT. In particular, it has been

shown that the Swank factor changes by no more than 0.5%

comparing 0� and 30� incidence. This observation is consist-

ent with Monte Carlo simulations of CsI:Tl phosphors con-

ducted by Badano et al., who demonstrated that the variation

in the Swank factor over projection angles typical of DBT is

minimal.22 While the relative change in the Swank factor

with projection angle is small, the relative increase in

DQE(0) is more substantial, as it includes the effect of

increasing x-ray quantum detection efficiency with increas-

ing projection angle.

Although our work demonstrates consistency with other

studies on oblique incidence, it is important to identify fun-

damental differences between the detectors addressed in the

comparison. This work models a turbid phosphor in which

visible light spreads by optical scatter. By contrast, prior

studies on CsI:Tl (Refs. 8 and 22) assume a structured phos-

phor in which needlelike crystals approximately 10 lm in di-

ameter transmit the optical photons to the photocathode by

total internal reflection, thereby minimizing the lateral

spread of visible light.19,23 At a given incident angle, struc-

tured phosphors should have higher MTF than turbid phos-

phors for this reason. Although the transfer functions of

turbid phosphors are different from structured phosphors,

this work demonstrates that their angular dependence fol-

lows comparable trends. On a similar note, our model has

shown concordance with prior studies on oblique incidence

in a-Se.1,3 In a-Se, an absorbed x-ray ionizes a Se atom, free-

ing an electron and a hole which migrate to different ends of

the detector due to an applied electric field.19 In drift mode,

the electric field is small enough so that the electron and

hole do not have sufficient kinetic energy to ionize Se atoms

and create an avalanche of electron-hole pairs. Because the

electron and hole migrate in a nearly perfect orthogonal path

to opposite ends of the detector, the MTF of a-Se at normal

incidence is approximately unity for all frequencies.2 At

higher incident angles, the MTF of a-Se decreases with fre-

quency, but is expected to be superior to a turbid phosphor

since there is no lateral spread of visible light. The analytical

model of a-Se developed by Que and Rowlands1 can effec-

tively be derived by using Eq. (2) for the source function but

by eliminating Eq. (1) for the diffusion of secondary

carriers.

To our knowledge, this paper is the first to investigate the

angular dependence of the transfer functions of the back-

screen configuration. The consistency of our back-screen

model with expected trends at normal incidence helps to sug-

gest its validity. For example, in accord with experimental

data in turbid phosphors,20 we demonstrate that the back-

screen has higher MTF than the front-screen. Because opti-

cal photons are predominately generated near the x-ray en-

trance surface of the phosphor, visible light exhibits less

lateral spread before reaching the photocathode if the back-

screen configuration is used.

Consistent with prior authors, this paper demonstrates

that the Swank factor of the back-screen is greater than the

front-screen. In experimental measurements on Gd2O2S:Tb

phosphors at 20 keV, Trauernicht and Van Metter demon-

strated that a back-screen has approximately 5% higher

Swank factor than a comparable front-screen.24 Such a rela-

tive change in AS with screen configuration matches the

results presented in Fig. 5. It is evident from Fig. 5 that the

benefits of the back-screen over the front-screen should hold

with higher incident angles.

V. DISCUSSION

This study develops an analytical model of the transfer

functions of turbid phosphors for oblique x-ray incidence.

The results of the model are consistent with prior observa-

tions on oblique incidence in a range of detector types. Hav-

ing an analytical model of the transfer functions has in turn

led to the development of optimization strategies for improv-

ing detector design in DBT.

One area for optimizing detector design is the choice of a

front- or back-screen configuration. Although it is well

known that the back-screen has greater MTF than the front-

screen at normal incidence, back-screen transfer functions

have not yet been analyzed for oblique incidence. In this

work, it is suggested that the back-screen transfer functions

should have much less angular dependence than the front-

screen, and consequently, exhibit less variation with position

along the detector. As a result, a back-screen configuration

may be chosen to optimize the design of a phosphor for

oblique incidence. Initially, this result would seem to have

no practical impact, since back-screens are not currently

used clinically due to the glass substrate of the thin-film tran-

sistor (TFT) array for digital signal readout.25,27 If these

detectors were operated as back-screens, the high attenuation

of glass (�0.7 mm thick) would prevent a large percentage

of x-rays from reaching the phosphor itself,19 and hence both

QDE and DQE would be compromised. Based on new

research on flexible organic light-emitting diode (OLED)

displays, however, TFT arrays may soon be manufactured

on a plastic substrate.28,34 Because plastic is much less

attenuating than glass, operating such a detector in a back-

screen configuration would not be prohibitive. Detectors

manufactured with plastic have many benefits such as being

bendable, light-weight, and easy to transport. These future

phosphor-based detectors should preferentially be operated

as back-screens in order to optimize detector performance

for oblique incidence.

The analytical model of the transfer functions was ulti-

mately used as a platform for optimizing the QDE of the de-

tector for oblique incidence. This work provides a method

for determining the QDE that maximizes DQE at any fre-

quency of interest, such as the frequency of small microcal-

cifications or fine cancerous lesions within the breast. To our
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knowledge, this paper is the first to show that the optimal

QDE is projection angle dependent in a front-screen, tending

toward lower values (thinner phosphors) with increasing pro-

jection angle. Because the incident angle is greatest at the

periphery of the detector opposite the chest wall, a corollary

of this finding is that one beneficial design feature would be

to reduce thickness at the edges and corners of the phosphor.

Although it is beyond the scope of this paper to determine a

single value for the optimum thickness at each point on a

DBT detector, future work should be directed at modeling

the transfer functions of the reconstruction35 and optimizing

thickness to maximize the 3D DQE for a fixed frequency of

interest. In experimental practice, the optimal thickness

should be calculated on a case-by-case basis for each detec-

tor under consideration, taking into account the unique char-

acteristics of the imaging system.

In this paper, it was demonstrated that the back-screen

DQE is not optimized by a single QDE but instead attains

reasonably high values over a broad range of phosphor thick-

nesses. Hence, the back-screen configuration has an impor-

tant benefit over the front-screen configuration: future

detectors with a plastic TFT substrate can be manufactured

with very large thickness without degradation in high fre-

quency DQE at any projection angle.

A discussion of the limitations of this paper and directions

for future modeling are now noted. One assumption made in

the Results section is that the incident x-ray beam is monoe-

nergetic. Since the phosphor attenuation coefficient l is

energy-dependent, it is important to model polyenergetic

x-ray spectra36–38 when studying the phosphor thickness

which maximizes DQE in a front-screen (Fig. 11). Future

work should be aimed at determining if the angular depend-

ence of the optimal thickness becomes more or less pro-

nounced upon varying the kVp and the target-filter

combination. Since Fig. 11 was generated assuming a monoe-

nergetic x-ray beam, the reader should take caution against

directly applying the optimal thickness calculations to any

real imaging system.

Although a relatively low energy (�20 keV) is convention-

ally chosen to maximize contrast between glandular tissue

and cancer,4–6 it would be useful to simulate higher energies

found in dual energy contrast-enhanced DBT (DE CE-

DBT).39–44 In DE CE-DBT, low and high energy images are

acquired below and above the K edge of iodine (33.2 keV) af-

ter iodinated contrast is injected into the blood stream,45,46

and contrast uptake is determined using weighted logarithmic

subtraction. Contrast uptake can be used to quantify blood

flow at the site of a tumor, which exceeds healthy tissue.47

Another extension of this work would be to model detec-

tor pixilation due to the TFT array in which the phosphor is

placed in optical contact.25–27 In this setting, the PSF is the

convolution of the phosphor blurring function with the de-

tector element sampling function.48–50 An additional subtlety

that may be modeled is the blurring of the focal spot. The

MTF of the focal spot is degraded with increasing focal spot

size,51 as well as with increasing focal spot motion during a

continuous DBT scan.35,52 Our model can also be refined by

taking into account detector lag and ghosting.53–55 In addi-

tion, one can incorporate the possibility for an NPS that is

not quantum-limited but possesses outside noise sources.13

A final point of investigation would be to extend this

work to a structured phosphor, such as CsI:Tl. In structured

phosphors, needlelike crystals transmit the optical photons to

the photocathode by total internal reflection to minimize the

lateral spread of visible light. Structured phosphors have

superior spatial resolution to nonstructured phosphors for

this reason.19,23 To model a structured phosphor, the bound-

ary conditions for the secondary carrier currents would no

longer be determined exclusively by the reflectivities of the

backing and the photocathode. Instead, boundary conditions

would also exist for the reflectivities of the walls of the nee-

dlelike crystals. Recently, Freed et al. have proposed an ana-

lytical model56,57 of the PSF of CsI:Tl using a competing

approach; their model was later generalized to direct-

converting detectors.58 A key step in the derivation of their

PSF formula is considering three different functional forms

(Gaussian, exponential, Lorentzian) to quantify the spread of

secondary carriers or electron-hole pairs at each depth of the

detector material. Empirically, the authors find that the Lor-

entzian provides the best match to data generated from

Monte Carlo simulations. The authors then determine opti-

mal values for the parameters in their model by minimizing

the normalized differences between the analytical technique

and Monte Carlo simulations. Although useful in providing a

closed form solution for the PSF, their model is limited in

not being derived from first principles. By contrast, in our

current work, all results are derived from first principles,

and the value of each parameter has physical significance. It

would be intriguing to determine whether our current

paper could be generalized to model the boundary condi-

tions of a structured phosphor and have agreement with

Freed et al.

VI. CONCLUSION

This work develops analytical models of OTF, NPS, and

DQE for a turbid phosphor irradiated obliquely. Our analysis

differs from much of the previous work on oblique incidence

in that closed form solutions are obtained from first princi-

ples, thereby providing greater insight into the underlying

detector physics.

Ultimately, the model provides a platform for optimiz-

ing the design of DBT detectors. For example, in a conven-

tional front-screen configuration, the model is a useful tool

for optimizing phosphor thickness at various angles of inci-

dence. Because the incident angle is spatially variant across

the detector area, the potential merit of designing a phos-

phor with reduced thickness near its periphery has been

proposed.

This work demonstrates that the transfer functions of the

back-screen have less angular dependence than the front-

screen, and that high DQE is supported over a broader range

of thicknesses for all incident angles. As a result, future

DBT detectors manufactured on a plastic substrate instead of

glass should preferentially be operated in the back-screen

configuration.
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NOMENCLATURE

@ ¼ partial derivative operator.

r2 ¼ Laplacian operator.

2 ¼ set membership.

L ¼ Laplace transform operator.

N ¼ set of natural numbers.

a ¼ polar angle of the 2D spatial frequency vector m.

b ¼ a term defined by Eq. (21) to simplify intermedi-

ate calculations.

c6 ¼ a term defined by Eq. (22) to simplify intermedi-

ate calculations.

D ¼ nominal projection angle.

d ¼ delta function.

h ¼ angle of x-ray incidence relative to the normal to

the detector.

l ¼ x-ray linear attenuation coefficient of the

phosphor.

m ¼ spatial frequency vector with components �x and

�y.

qj ¼ a quantity defined by Eq. (13) that is related to

surface reflectivity. The subscripts j¼ 0, 1 corre-

spond to the phosphor backing and photocathode,

respectively.

r ¼ reciprocal of the mean diffusion length of optical

photons.

s ¼ inverse relaxation length (the diffusion limit

occurs with s!1).

/(r) ¼ product of photon density and the diffusion

constant.

wk(z) ¼ Fourier transform of /(r) in a plane of constant z.

AQ ¼ x-ray quantum detection efficiency.

AQ0 ¼ x-ray quantum detection efficiency at normal

incidence.

AS ¼ Swank information factor.

B ¼ back-screen configuration (often used as a

subscript).

C1, C2 ¼ constants of integration used in intermediate

calculations.

CE ¼ contrast-enhanced

COR ¼ center-of-rotation of x-ray tube, corresponding to

the midpoint of the chest wall side of the detector.

D ¼ symbolic abbreviation for detective quantum

efficiency.

DBT ¼ digital breast tomosynthesis.

DE ¼ dual energy

DM ¼ digital mammography.

DQE ¼ detective quantum efficiency.

F ¼ front-screen configuration (often used as a

subscript).

FOV ¼ field-of-view.

G(m) ¼ optical transfer function found by summing the

contributions of each depth z0 of the phosphor.

G(m, z0) ¼ optical transfer function associated with the depth

0 � z0 � T of the phosphor.

h ¼ source-to-COR distance for rotating x-ray tube.

i ¼ imaginary unit given as
ffiffiffiffiffiffiffi
�1
p

.

j(z) ¼ photon currents across any plane of constant z.

k ¼ a quantity equivalent to 2pm.

MTF ¼ modulation transfer function.

n ¼ iteration number for Newton’s Method.

NPS ¼ noise power spectra.

N(z0) ¼ relative x-ray signal at the depth z0 of the

phosphor.

OLED ¼ organic light-emitting diode.

OTF ¼ optical transfer function.

p ¼ independent variable of the Laplace transform of

a function.

PSF ¼ point spread function.

q ¼ a quantity defined in Eq. (6) to simplify interme-

diate calculations.

QDE ¼ quantum detection efficiency.

rj ¼ reflectivity of a surface, where j¼ 0, 1 correspond

to the phosphor backing and photocathode,

respectively.

RC(m) ¼ Lubberts fraction.

RN(m) ¼ ratio of the quantum noise power to the total

noise power.

S(r) ¼ source function, modeled as point-like.

T ¼ phosphor thickness.

TFT ¼ thin-film transistor.

W(m) ¼ noise power spectra.

x ¼ position along the chest wall side of the detector.

y ¼ position perpendicular to the chest wall side of

the detector.

z0 ¼ depth within a phosphor (with or without the

subscript).
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