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Abstract. A general case for simulation of partial volume (PV) averaging in 
software breast phantoms is presented.  PV simulation could improve the quali-
ty of phantom images by reducing quantization artifacts near borders between 
different materials. The validity of phantom studies depends on the realism of 
simulated images, which is affected by the size of phantom voxels.  Large vox-
els may cause notable quantization artifacts; small voxels, however, extend the 
generation time and increase the memory requirements.  An improvement in 
image quality without reducing voxel size is achievable by the simulation of PV 
averaging in voxels containing more than one simulated tissue type; the linear 
x-ray attenuation coefficient of such voxels is represented by a combination of 
attenuation coefficients proportional to voxel subvolumes occupied by different 
tissues. In this paper, we present results of simulated PV in the general case of 
voxels containing up to three materials.   

Keywords: Digital mammography, computer breast phantom, partial volume 
simulation, computational geometry.  

1 Introduction 

This study is motivated by the desire to improve the quality of synthetic images gen-
erated using software breast phantoms.  The partial volume (PV) averaging can help 
reduce the quantization artifacts on boundaries of regions with different simulated 
materials. The software phantoms in this study have been generated based upon the 
recursive partitioning of the phantom volume using octrees [1]. In this paper, we pro-
pose a solution for a general PV case with up to three simulated materials in a voxel. 
This work represents the first PV simulation in software phantoms generated based 
upon the rules for simulating anatomical structures [1-4].  PV simulation has been 
indirectly reported in a method for generating phantoms based upon the CT images of 
mastectomy specimen [5].  In that method, the values of each reconstructed breast CT 
image voxel were scaled and interpreted as the percentage of adipose breast tissue in 
the voxel.   
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In this paper, we present an overview of the PV simulation method including de-
tails of a planar approximation and the PV computation.  The improvement of image 
quality is qualitatively validated.  The results are shown in the form of slices and si-
mulated X-ray projections of phantoms with and without PV. 

2 Method 

The effective linear x-ray attenuation in a voxel which contains more than one simu-
lated material can be calculated as: 
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where |V| is the voxel volume, |Vi| is the subvolume of material i with the linear x-ray 
attenuation μi, and pi is the percentage of the material i in the voxel (Fig. 1a). One can 
distinguish the following cases of PV (Fig 1b):  

A. Two materials with one bounding surface:  (1) Skin and air; (2) Cooper’s li-
gament and adipose tissue; (3) Ligament and fibroglandular dense tissue; (4) 
Skin and dense tissue; (5) Skin and adipose tissue, and (6) Skin and Cooper’s 
ligament;  

B. Three materials with two bounding surfaces: (7) Skin, ligament, and dense 
tissue; and (8) Skin, ligament, and adipose tissue 

 

 
           (a)          (b)  

Fig. 1. (a) The concept of PV simulation; V denotes the voxel volume and Vi is the sub-volume 
occupied by dense tissue.(b) Different cases of material combination in a voxel.  
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The PV Vi in a voxel shown in Fig. 3 has been computed using planar approxima-
tions as follows.  Consider a voxel of linear size Δx, with a vertex v located above 
planes π1 and π2.  (If no such vertex exists, the PV should be zero).   

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Fig. 3. A voxel containing skin, Cooper’s ligament and fat tissue and planar approximations π1 

and π2 of the tissue boundaries 

The divergence (or Gauss-Ostrogradsky) theorem [7] is employed to compute the 
partial volume |Vi| of the voxel above planes π1 and π2, where the volume Vi is 
bounded by planes π1 and π2 and at most 6 sides of the voxel. The divergence theorem 
can be described as the following integral equation: 

 dSFdVF
iV S  ⋅=⋅∇ )()( n . (4) 

The left side is a volume integral over the partial volume Vi of voxel, the right side is 
the surface integral over the boundary of the volume Vi, and n is the outward pointing 
unit normal vector of the boundary. 

After the appropriate choice of the vector field function inside the integral at left 
side, i.e., F(x) = x, the whole quantity at the left side becomes 3|Vi|, and the right side 
can be rewritten as: 

 ( )1 2 3 1 1 2 2S S S x A d A dπ π+ + Δ + + ,  (5) 

where Si, i=1,3 are surface areas of the boundary formed by the voxel sides σ1 ,σ2 and 
σ3, that do not contain the vertex v;  Aπ1 and Aπ2 are surface areas of the boundary of 
Vi belonging to planes π1 and π2.   
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Subsequently, the PV can be calculated as: 
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where 
111 ˆ)( nxv −=d , and 

222 ˆ)( nxv −=d  are distances of the vertex v to planes π1 

and π2. 

 

Fig. 4. Partial volume Vi of the voxel V above planes π1 and π2 and containing vertex v. S1, S2 

and S3(here S3=0) are surface areas of parts of the volume boundary belonging to voxel sides 
σ1, σ2 and σ3 that do not contain the vertex v. 

3 Results and Discussion 

Fig. 5 illustrates the PV simulation in a 450ml software breast phantom with 400μm 
voxels. Shown is the segmentation of phantom detail into air and voxels containing 
one, two or three materials.  For the corresponding phantom detail, shown also are the 
equivalent linear x-ray attenuations, and percentages of ligament tissue and skin tissue. 

Fig. 5 suggests that the PV simulation on the ligaments-fat boundary was qualita-
tively correct. The voxels containing two materials are detected at the boundaries of 
two materials (e.g., skin, compartment).  Similarly, the three material voxels are de-
tected where the skin meets Cooper’s ligaments and a compartment.  Fig. 5b indicates 
that the PV helped smooth the appearance of boundaries between regions with differ-
ent x-ray attenuations.  The computed percentages of ligament and skin tissues in a 
voxel (Figs. 5c, 5d) suggest the correctness of the applied algorithm.  The voxels in 
the interior of skin/ligaments contain 100% of the corresponding tissues, while the 
percentages gradually decrease at the boundaries.   
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Fig. 5.  Detail of a 450ml phantom with 400μm voxel size:  (a) Segmentation of a phantom into 
air and voxels containing one (light gray), two (dark gray) or three (black) materials; (b) Simu-
lated linear attenuation coefficients of voxels in (a) (in cm-1, assuming monoenergetic x-ray 
beam at 20 keV); and percentage of (c) ligament tissue and (d) skin tissue in voxels from (a).   

Fig. 6 shows simulated x-ray projections of phantoms with and without simulated 
PV.  The simulated acquisition assumed a monoenergetic x-ray beam (at 20 keV) and 
parallel x-ray propagation, without scatter or quantum noise.  The projections corres-
pond to three phantoms with identical distributions of compartments: the phantom 
with 400μm voxels and no PV (Fig. 6a); the 400μm phantom with simulated PV (Fig. 
6b); and the phantom with 200μm voxels and no PV (Fig. 6c).  Shown also is the 
difference between the projections with and without simulated PV (Fig. 6d). 

In a projection of the phantom with PV in Fig. 6b, the skin and Cooper’s ligaments 
appear thinner (as compared to the phantom without PV, Fig. 6a).  We believe this is 
caused by the reduction in the effective x-ray attenuations of voxels on the liga-
ment/adipose tissue boundaries, which are lower than the x-ray attenuation of dense 
tissue (see Fig. 5b).  Further, the characteristic stair-step quantization artifacts on 
tissue boundaries were noticeably reduced with simulated PV, as seen in the differ-
ence between PV and non PV projections (Fig 6d).  Comparison of Figs. 6b and 6c 
indicates similar appearance of a phantom with PV simulated at a lower resolution 
(400μm) to a phantom simulated at a higher resolution (200μm) with no simulated 
PV.  Hence, the application of PV may lead to an improvement in image quality with-
out reducing voxel size. 

a b c 

(a) 

(c) (d)

(b)
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 (a)          (b)      (c)             (d) 

Fig. 6. Simulated projections of (a) a phantom with 400μm voxels and no PV; (b) the phantom 
from (a) with simulated PV; and (c) the same phantom generated at 200 μm voxels and no PV. 
(d) The difference between (a) and (b); the image contrast was enhanced for display purposes. 

4 Conclusion 

We have developed and qualitatively assessed a method for PV simulation of phan-
tom voxels containing up to three simulated materials.  The percentage of simulated 
tissues was estimated based upon the use of the Gauss-Ostrogradsky theorem.  Cross-
section and projections of phantoms with and without PV simulation were visually 
compared.  PV simulation can improve the quality of phantom images by reducing the 
quantization artifacts caused by large voxel sizes.   
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