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Abstract—A modification to our previous simulation of breast
anatomy is proposed to improve the quality of simulated x-ray pro-
jections images. The image quality is affected by the voxel size of
the simulation. Large voxels can cause notable spatial quantiza-
tion artifacts; small voxels extend the generation time and increase
the memory requirements. An improvement in image quality is
achievable without reducing voxel size by the simulation of partial
volume averaging in which voxels containing more than one sim-
ulated tissue type are allowed. The linear x-ray attenuation coeffi-
cient of voxels is, thus, the sum of the linear attenuation coefficients
weighted by the voxel subvolume occupied by each tissue type. A
local planar approximation of the boundary surface is employed.
In the two-material case, the partial volume in each voxel is com-
puted by decomposition into up to four simple geometric shapes. In
the three-material case, by application of the Gauss-Ostrogradsky
theorem, the 3D partial volume problem is converted into one of a
few simpler 2D surface area problems. We illustrate the benefits of
the proposed methodology on simulated x-ray projections. An ef-
ficient encoding scheme is proposed for the type and proportion of
simulated tissues in each voxel.MonteCarlo simulationwas used to
evaluate the quantitative error of our approximation algorithms.
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I. NOMENCLATURE

distance of the simulated
nipple point from the chest
wall.

, surface areas of the boundary
of belonging to planes
and .

half of the uncompressed
phantom thickness.

vertical phantom dimension
measured above the nipple
level.

vertical phantom dimension
measured below the nipple
level.

, simulated tissue
compartments.

thickness of skin.

, the distance between a vertex
and planes.

thickness of the simulated
Cooper's ligaments.

, compartment shape
functions.

difference of the
compartment shape
functions and .

shape function defining
the outer surface of the
simulated skin layer.

shape function defining
the inner surface of the
simulated skin layer.
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the mean square error
estimation of Monte Carlo
method using repetition.
the mean square error
estimation of Monte Carlo
method based on sample
means.
the mean square quantization
error.
the number of intersections
between plane and edge(ext).
the number of vertices above
plane.

the number of geometrical
shapes need to be computed.
the normal vectors of
approximated planes.
the number of generated
random points of Monte
Carlo approach within a
voxel.
the number of points that are
inside the measured volume.
the number of repetitions
of the Monte Carlo method
applied on each voxel.
percentages of different
materials in the voxel.

, vertices of voxel V.

, , , , , ,
, , ,

intersections between
approximation plane and
voxel edges.

PV the sub-volume of voxel V
above plane/planes.

, the true value of the partial
volume in voxel .
the linear approximation of
the partial volume in voxel .

, the approximation of the
partial volume in voxel
using certain method M.

, the approximation of the
partial volume in voxel
using Monte Carlo.

, the estimation of using
Monte Carlo repetition in
voxel .

,
;

the approximation of the
-th repetition of the Monte
Carlo method applied on -th
voxel.

q the number of bits to
discretize percentage of a
partial volume.
parameters related to
compartment orientation
and size.

s subsampling factor for naïve
reference method; also, a
parameter of intersections.
surface areas of the boundary
formed by the voxel sides.
the parameter of
intersections.

T the total number of partial
volume voxels.

V the symbol for a 3D voxel.

the volume of voxel V.

the subvolume of material
in the voxel V.

, , the fixed points on
approximating planes.
the center of voxel V.

, two vertices of the voxel,
such that one of them is
inside the skin and another
one outside of skin, (used to
compute ).
linear dimension of voxel V.

linear dimension of voxel V
for naïve reference method.
difference between partial
volumes computed by M and
by linear approximation.
the error of linear
approximation.
the error of method M.

the error of Monte Carlo.

the estimate of the error of
-th repetition of the Monte
Carlo approach on -th
voxel.
the X-ray attenuation in the
voxel V.
the X-ray attenuation of
material in the voxel V.

, , the linear approximations of
boundaries between different
materials.

, , planes corresponding to
voxel sides.
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II. INTRODUCTION

T HIS study is motivated by a desire to improve the quality
of synthetic images generated using software anthropo-

morphic breast phantoms. Software breast phantoms have re-
ceived increasing attention for their use in preclinical validation
of breast imaging systems and image analysis methods. Preclin-
ical validation in the form of virtual clinical trials can improve
the validation efficacy by identifying themost promising param-
eter settings to be assessed in a focused clinical trial. There are
various designs of software breast phantoms, including phan-
toms developed using the rules for simulating anatomical struc-
tures [1]–[11] and phantoms based upon individual clinical 3D
breast images [12]–[17].
The software anthropomorphic phantoms developed at the

University of Pennsylvania have been used in various applica-
tions, including the validation and optimization of digital breast
tomosynthesis (DBT) reconstruction methods [18]–[20], DBT
image denoising methods [21], [22], ultrasound tomography
(UST) reconstruction and segmentation methods [23], [24],
analysis of power spectra descriptors in simulated phantom
DBT images [10], [25], [26], analysis of texture properties in
phantom digital mammography (DM) and DBT images [27],
[28], and analysis of tumor detectability in DBT [29]–[31].
Physical versions of the 3D anthropomorphic software phantom
have also been produced [32]–[36].
The current method for simulating breast anatomy [11] as-

sumes that each voxel contains a single tissue type; this may
cause notable artifacts due to abrupt attenuation transitions at
the borders between regions of different simulated materials.
The realism of the resulting phantom images is thus reduced.
The realism can be improved by using a smaller voxel size. Re-
ducing the voxel size, however, extends the phantom generation
time and increases memory requirements. It should be possible
to improve image quality without reducing voxel size by explic-
itly accounting for voxels containing more than one simulated
tissue type.
Partial volume (PV) averaging can help reduce the quanti-

zation artifacts on boundaries of regions with different simu-
lated materials. In PV averaging, voxels containing more than
one simulated tissue type are allowed; thus, the linear x-ray at-
tenuation coefficient of voxels is the sum of the linear attenua-
tion coefficients weighted by the voxel subvolume occupied by
each tissue type. The software phantoms in this study have been
generated based upon the recursive partitioning of the phantom
volume using octrees [11]. Previously, we reported about the
development of a PV technique for selected tissue boundaries
in our software breast phantoms [37], [38]. In our 2012 SPIE
paper, PV simulation was introduced in phantom voxels con-
taining up to two different simulated tissue types [37]. First,
the PV of each voxel occupied by different materials was com-
puted, and the linear attenuation coefficient values assigned as
the linear combination of attenuations weighted by the PV oc-
cupied by each material in the voxel. These PVs could be also
used to calculate the proportion of different materials accurately,
both in individual voxels and the whole phantom. The same re-
port discussed an encoding technique to accomplish efficient

storage of the material composition. The initial results were il-
lustrated using synthetic projections through phantoms with PV
simulated on the skin-air boundary only.
In our 2012 IWDM paper [38], we proposed an extension

to the PV simulation method to include voxels with three sim-
ulated materials. The PV was computed based upon a planar
boundary approximation in voxels with multiple simulated
tissue types. The improvement of image quality was qualita-
tively validated. The results were shown in the form of slices
and simulated X-ray projections of phantoms with and without
PV, assuming a parallel beam of monoenergetic x-rays without
scatter.
Our current work is focused upon PV simulation of software

phantoms generated based upon rules for simulating anatomical
structures [7], [9], [11], [39]. PV simulation has been implicitly
used to generate phantoms based upon computed tomography
(CT) images of mastectomy specimen [13], [15], [17] or clin-
ical breast CT data [14], [40]. These PV simulations arise nat-
urally, because all raw volumetric images include partial vol-
umes, as various tissues may contribute to the signal acquired in
a single image voxel. In the simulation based upon mastectomy
CT data [13], [15], [17], the values of each reconstructed breast
CT image voxel were scaled into a value from 0.01 to 0.99. The
scaled values were interpreted as percentage of adipose tissue
contained in the voxel. The scaling method resulted in phantom
images more similar to the original CT data, as compared to the
method based upon the segmentation into discrete tissue types.
The scaling helped to preserve some of the fine tissue struc-
ture which would be lost when using the segmentation; how-
ever, it resulted in noisier images. The software phantoms de-
veloped using clinical CT data [14], [40] were designed by ini-
tially segmenting the CT data into voxels corresponding to skin,
adipose tissue, and fibroglandular tissue. To improve realism, it
was found to be necessary to segment the fibroglandular tissue
into multiple classes based upon CT image intensity level; these
classes were associated with different adipose-to-dense tissue
volumetric ratios.
In this paper, we formulate the details of a PV simulation

in the general case with up to three tissue types simulated in
a voxel. A qualitative validation of the proposed method is per-
formed in the slices through phantoms with PV simulated at
different tissue interfaces. In addition, a direct validation is pro-
vided by the analysis of the difference between the PV estimates
obtained with the proposed method vs. Monte Carlo estimates
of PV. Finally, we present results from a qualitative analysis of
phantom projections simulated using a polyenergetic divergent
x-ray beam approximation without scatter.

III. PARTIAL VOLUME SIMULATION METHOD

A. Breast Phantom Generation
Breast phantoms in this work were generated utilizing the

approach described in [11]. The simulated anatomy consists
of compartments and Cooper's ligaments L,
which separate the compartments from each other. The distribu-
tion, orientation and shapes of the compartments as well as the
shape of the Cooper's ligaments are determined by pre-specified
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shape functions . The proposed approach uti-
lizes octrees to split the phantom volume V recursively. The re-
cursive partitioning procedure begins with the root node, which
is always flagged for splitting. For each level of the tree, we
generate the nodes at the next level by recursively splitting the
nodes flagged for splitting. The flagged nodes contain more than
one material type. The recursive partitioning procedure con-
tinues until an individual node of the tree belongs to a single
type (non-partial volume nodes) or until the maximal tree level
is reached. The nodes corresponding to the maximal tree level
correspond to the voxels. The breast outline and skin boundary
are simulated with ellipsoidal surfaces, corresponding to the
phantom volume vertically above and below the nipple level.
The number of compartments K, the shape functions, the skin
thickness d and target thickness D of the Cooper's ligaments,
and the voxel size are input parameters of the algorithm.

B. Different Cases of Phantom Voxels Containing Multiple
Materials

For realistic cases where , the
phantom voxels can be categorized as follows (see Fig. 1(a)):
A) Voxels, containing a single material: (1) skin; (2) air; (3)

Cooper's ligament; (4) adipose tissue; and (5) fibroglan-
dular dense tissue.

B) Partial volume voxels:
a) Voxels containing two materials (with one bounding
surface): (6) skin and air; (7) skin and adipose tissue;
(8) skin and dense tissue; (9) skin and Cooper's lig-
ament; (10) Cooper's ligament and adipose tissue;
(11) ligament and fibroglandular dense tissue;

b) Voxels containing three materials (with two
bounding surfaces): (12) skin, ligament, and adipose
tissue; and (13) skin, ligament, and dense tissue.

The effective linear x-ray attenuation in a voxel which con-
tains more than one simulated material, Fig. 1(b), can be calcu-
lated as:

(1)

where is the voxel volume, is the subvolume of material
with the linear x-ray attenuation , and is the percentage

of the material in the voxel.
The memory requirements for the phantom depend on ellip-

soidal outline semiaxes and the voxel size . For efficient
storage of the voxel material composition, we propose a rep-
resentation of material types and percentages of the materials
using a two-byte binary word. Since a voxel size smaller than
the thickness of the skin or Cooper's ligaments is assumed, it is
sufficient to consider combinations of up to three materials in a
voxel. Thus, it suffices to store percentages of two materials
and . The percentage of the other material can be calcu-
lated by subtracting the stored percentages from 100%, i.e.,

(2)

Fig. 1. (a) Taxonomy of material combinations in a voxel. (b) The concept of
PV simulation; V denotes the voxel volume and is the sub-volume occupied
by dense tissue.

The interpretation of percentages , , and is specified
by a four-bit voxel label, see Table I. The percentages and

are stored as two records, bits each. The choice of q
is supported in our results (below); other values of q could be
used with this schema as necessary. Using this representation
schema, it is possible to encode all partial volume cases from
the taxonomy discussed above, see Table II. For example, con-
sider the case when the (skin/air boundary). Here,



2150 IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 34, NO. 10, OCTOBER 2015

TABLE I
ENCODING PARTIAL VOLUME MATERIAL PERCENTAGES USING
FOUR-BIT LABEL (TWO BITS RESERVED FOR FUTURE USE)

TABLE II
ENCODING TAXONOMY OF VOXELS

corresponds to Cooper's ligament tissue (with a constant value
0 in air/skin voxels), while corresponds to air (the ratio

). The percentage of skin, can be calculated from
(2). The proposed representation also covers the cases when a
voxel is comprised of a single material (e.g., a voxel belonging
entirely to skin would have label 0 and ). The rest
of this section discusses use of linear approximation to compute
partial volumes in two- and three-material partial volume
voxels.

C. Partial Volume Computation for Two Material Voxels

For voxels containing two materials, we compute a planar ap-
proximation of the boundary surface separating the materials.
Subsequently, we calculate the portions of the voxel volume
split by the planar approximation. Here we discuss the planar ap-
proximations for voxels containing skin (Cases 6–9) and voxels
on ligament-compartment boundaries (Cases 10–11), followed
by the computation of the voxel's volume above the plane.

Fig. 2. Local approximation of skin boundary (defined by ) by a
tangent plane.

1) Voxels Containing Skin (Cases 6–9; See Table II): We
assume that the outer and the inner surface of the skin (skin/air
and skin/tissue boundaries), are defined by functions and

as follows [11]:

(3)

(4)

Here we discuss in detail the computation of the partial
volume for voxels containing skin and air (case 6). Other cases
can be treated similarly (with function appropriately
replaced with ). Since is known in a closed
form, the volume can be exactly calculated; however, this
calculation is computationally inefficient. Instead, the function

is approximated by a tangent plane which reduces
the considered problem to computation of the voxel volume
below a pre-specified plane. The tangent plane on the surface

is placed at a point inside the voxel V. The point
satisfies and is on the line segment between the

points and . The points and are calculated such
that , . Points
on the tangent plane satisfy: , where

denotes the scalar product and is the gradient
vector at the point (See Fig. 2).
2) Voxels Containing Cooper's Ligaments and Compart-

mental Tissue (Cases 10–11; see Table II): The planar approx-
imation for the boundary between the Cooper's ligaments and
adipose tissue or dense tissue (cases 11 and 12) can be obtained
as follows. Without loss of generality, consider adipose com-
partments and with corresponding shape functions
and . A Cooper's ligament between the compartments is the
locus of points within a distance D/2 from a median surface

, see Fig. 3. Consider a voxel V
with center . We define a planar approximation of the
boundary between the Cooper's ligament and the compartment

as

(5)
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Fig. 3. Planar approximation of a boundary between Cooper's ligament and a
compartment.

Here, is a vector normal to a level set at .
is a point on the normal at distance D/2 from the intersection

of the normal and the median surface, such that:

(6)

3) Calculation of the Volume Above a Planar Approximation
of two Materials Boundary: In this section, a fast and exact
method is proposed to determine the fraction of the
voxel's V volume located above the plane (a case when is
below the plane is reduced to this case by changing the direction
of the normal vector of the plane). The first step of the method
is to determine the number of voxel vertices above the
plane. The voxel vertices above the plane specified by a
normal and containing a point satisfy:

(7)

Depending upon , is computed using funda-
mental geometric shapes (e.g., prisms, prismoids or tetrahe-
drons, see Fig. 4). Note that if computation of

is reduced to computation of the complementary volume
to the partial volume of V below the plane, see Algorithm
A1 (Appendix A). The detailed algorithm for computation of
partial volume of a voxel V above a given plane is specified in
Algorithm A2.
The Algorithm A2 is very efficient. Observe that the consid-

ered partial volume problem reduces to 6 cases (Fig. 4). In each
case, a small number of intersections (up to 9) between the plane
and voxel's edges (their extensions) need be calculated, see

Table III, followed by computation of a volume of a geometric
primitive.
Computation of intersections is also fast. To compute an in-

tersection between an edge (extension of edge) containing
vertices and and the plane , it is sufficient to resolve the
system:

which results in the parameter specified by:

(8)

Since the vertices and differ in only one coordinate,
this requires computation of only one scalar product

Fig. 4. Different cases of sub-volume.

TABLE III
NUMBER OF VERTICES ABOVE THE PLANAR APPROXIMATION OF THE

MATERIAL BOUNDARY ( ), NUMBER OF INTERSECTIONS BETWEEN
THE APPROXIMATION AND THE VOXEL EDGES OR EDGE EXTENSIONS

( ) AND NUMBER OF VOLUMES OF GEOMETRICAL PRIMITIVES TO
BE COMPUTED ( ), FOR DIFFERENT CASES OF ALGORITHM A2

(SEE APPENDIX A).

The value of parameter depends on the position of . If is
located between and , then .
To compute intersection between and other edges (exten-

sions) we may proceed as follows. For an intersection
between the plane and edge (extension of

edge) containing and , it is sufficient to compute

which does not require computation of additional scalar prod-
ucts since only contains one non-zero coordinate.
The advantage of this procedure is that we can easily com-

pute the partial volume without considering the shape of the
boundary (interface) and the number of intersections between
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Fig. 5. An illustration of a three material voxel containing skin, Cooper's lig-
ament and adipose tissue and planar approximations and of the tissue
boundaries.

the plane and voxel. The cases are distinguished based on
, that can be obtained easily.

4) Partial Volume Computation for Three Material Voxels
(Cases 12, 13; See Table II): For a voxel V containing three ma-
terials we construct a planar approximation for each bounding
surface (Fig. 5). The results of the approximation are planes

and . Here,
and are linear approximations of the inner skin boundary

and the ligament's boundary, respectively. The partial volume
of interest is subsequently calculated as the volume of a

portion of the voxel V that is below/above the planes. For ex-
ample, the partial volume corresponding to the adipose tissue
in Fig. 5 is computed as a volume of a part of the voxel that is
both above planes and .
Given the planar approximations and of the material

boundaries, we compute the partial volume using the diver-
gence (i.e., Gauss-Ostrogradsky) theorem [41], [42]. Without
loss of generality, we consider the volume that is above both
planes and (other cases can be treated by changing direc-
tions of vectors specifying and ). The divergence theorem
can be stated as the following integral equation:

(9)

The left side is a volume integral of a vector field over
the partial volume , the right side is the surface integral over
the boundary of the volume , and is the outward pointing
unit normal vector of the boundary. Note that the volume is
bounded by planes and and at most 6 sides of the voxel.
The application of the divergence theorem depends on

whether there is a voxel vertex above both planes
and . Assume that such a vertex exists. By choosing

, (9) reduces to:

(10)

where are surface areas of the boundary formed
by the voxel sides , and that do not contain the vertex

Fig. 6. Partial volume of the voxel V above planes and and containing
vertex . , and (here ) are surface areas of parts of the
volume boundary belonging to voxel sides , and that do not contain
the vertex .

Fig. 7. Illustration of a case when there is no vertex of a voxel V above both
planes and but the partial volume is larger than zero. The volume is
the intersection of and .

; and are surface areas of the boundary of be-
longing to planes and and , and

are distances of the vertex to planes
and (see Fig. 6). Subsequently, the PV is calculated as:

(11)

If there is no vertex of V above both planes and , it
is still possible that . As illustrated in Fig. 7, this is
the case when the sets of vertices above and are both
non empty. In such a case, partial volume can be computed as
the difference of partial volumes above one of the planes (e.g.,
plane ), calculated using Algorithm A1) the partial volume
above and below (calculated by changing the direction of
the normal vector ). Note that in Fig. 7, the same approach
is applicable in an adjacent voxel (here, right to V) where the
planes and cross.
The Algorithm A3 (Appendix A) for computation of voxel

partial volume above two planes is also very efficient. The 3D
partial volume problem is converted into the computation of the
linear combinations of a few 2D polygon areas. The polygon's
vertices are chosen from the vertices of the voxel; the intersec-
tions of an edge of voxel and the plane; or the intersections of
two planes on a voxel side . The intersection of an
edge of the voxel and the plane can be solved using (8).
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IV. VALIDATION TECHNIQUES
We have performed two validations of the proposed tech-

nique. First, we tested to what extent the proposed technique
of linear approximation was capable of adequately representing
the true values of partial volumes. This was performed by quan-
titative validation of the algorithm. Second, we evaluated the
improvement of image quality by visual assessment of simu-
lated images of phantoms with PV.

A. Accuracy Assessment of the PV Computation
The goal of qualitative validation of the proposed algorithm

for PV approximation is to estimate the expectation of the
squared error, i.e., , where, for each partial volume
voxel , the estimation error is defined as:

(12)

Here is the partial volume in voxel obtained using
the proposed method (a linear approximation) and is the
true value of the partial volume, where (see Section III) both

and belong to a range . However, a practical
problem is that the true partial volumes are not directly
observable, hence cannot be directly computed.
Consider a reference method M that can estimate the partial

volume for each voxel . At voxel , we can only directly
observe the difference between partial volumes computed by
method M and by the linear approximation:

We can easily obtain that:

(13)

where:

(14)

From (13):

(15)

Note that the definition of guarantees that both sides
of (15) are always non-negative. Also, note that the expectations
are calculated over one particular phantom. In order to use a
reference method M to estimate using (13), one should
be able to estimate the squared error of the reference method,

. Also, the errors of the proposed approximation and the
reference method should be uncorrelated, i.e., .
A naïve choice for the reference method M is estimation of

the PV based on subsampling. Let P be a considered partial
volume phantom (with linear voxel dimension ). Consider
a non-partial volume phantom P' that simulates an identical
anatomy as P, with linear voxel dimension where
s is an integer subsampling factor. For each voxel , the partial
volume can be estimated as the fraction of the corresponding
voxels from P' that contain the material of interest. Unfortu-
nately, the subsampling method is not suitable as a reference
method. First, in this method, cannot be easily esti-
mated. Second, errors of the proposed approximation and the
reference method are correlated (e.g., is larger when the
boundaries between different materials are more non-linear,

i.e., where is larger). Finally, the method may not be fea-
sible, since the computation of a phantom P' for large may be
computationally prohibitive.
To overcome these difficulties, we propose to utilize a Monte

Carlo approach [43] which gives us the opportunity to compare
the precision of our PV approximation with a reference method
based onMonte Carlo simulation. For each partial volume voxel
, we estimate as follows. We generate random
points within a voxel and determine the number of
points that are inside the measured partial volume. Note that for
voxels from cases 6–9 (see Section III-C1) this includes com-
puting functions ((3), (4)). For PV voxels con-
taining ligament tissue (cases 10–13) we, in addition, need to
determine the exact distance between and the median surface
(see Section III-C2); this can be done, e.g., using the algorithm
described in [44]. The partial volume is subsequently obtained
as

(16)

The error of the Monte Carlo method is defined as:

(17)

As shown in the Appendix B, (A8), .
Therefore, from (15) we obtain:

(18)

can be estimated using the sample mean square error
(MSE):

(19)

where T denotes the total number of partial volume voxels.
The following subsection discusses estimates of

. According to (18), (19) we estimate as:

(20)

Note that the computed partial volumes are quantized using q
bits. Hence, is bounded by the quantization error. Under
the assumption that are uniformly distributed within
each quantization interval [45], the quantization error
is approximated as:

(21)

1) Estimation of MSE of Monte Carlo Approach: To ensure
reliability of the validation, we utilize two techniques to esti-
mate MSE of Monte Carlo approach. The first technique repeats
theMonte Carlo process for each voxel in order to assess the true
value of . The second technique is based on estimation of
sample means of computed and completely avoids esti-
mation of .

MSE of Monte Carlo Based on Estimating : Consider
voxels belonging to one specific case of partial volume (e.g.,
two-material voxels on the ligament-compartment boundary).
For each partial volume voxel of a particular phantom, we repeat
the estimation of PV using the Monte Carlo approach
times. Denote the obtained estimates in the -th repetition of the
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Monte Carlo method applied on -th voxel as
. The idea of this approach is to

obtain the estimate of the true partial volume by averaging these
estimates.
Since the MC estimation is unbiased (see (A1)), we can use

the following estimate of the true partial volume for the
-th voxel:

(22)

Based on this, the estimate of the error of the -th
repetition of the Monte Carlo approach on -th voxel is:

(23)

Therefore, the MSE of MC can be estimated as:

(24)

In practice, it may be more computationally efficient to utilize
the following formula:

(25)

Estimation Based on Sample Means of : Here we
demonstrate that an estimate of can be obtained by
estimating and (using a single Monte
Carlo run ). Note that this approach does not re-
quire knowledge of true values of at each voxel nor the
availability of distribution .
From (17) follows:

(26)

which due to (A5) in the Appendix B reduces to:

(27)

By substituting and , (A7) and (27), into
rightmost part of (A4) and solving for , we obtain:

(28)

We estimate using computed by uti-
lizing sample means of Monte Carlo estimations of the partial
volume and of the squared partial volume as:

(29)

Note that depends on the estimated moments of
, and hence may indirectly depend on the partial volume

case (see Section III-B).

B. Image Quality Improvement After PV Simulation
All the simulations were implemented using Matlab (64-bit,

MathWorks, Natick, MA). Phantoms were simulated on a com-
puter with two Intel Xeon 5650 Six Core Processors (Intel, Inc.,
Santa Clara, CA)working at 2.53 GHzwith 128GBRAM (1333
MHz DDR III ECC ) and utilizing one core per phantom. We
used Matlab version v7.13(R2011b).
We generated 450ml phantoms (approximately a B cup bra

size), [46] with ellipsoidal outline semiaxes
, , (see [11], (2) and (3)). The voxel sizes

were and . The number of compartments was
[11]. The memory requirements are: 850MB (

non-PV phantom), 212.5 MB , and 106.25 MB
( non-PV).
We specified the skin thickness based upon re-

ports in the literature and the target thickness of the Cooper's
ligaments [47], [48]. There are no explicit quan-
titative reports in the literature on the measured thickness of
Cooper's ligaments in clinical data. We assumed the thickness
was smaller than 1 mm, as observed from subgross breast his-
tological sections (e.g., the sections shown in[39]). Also, we
varied the relative random compartment orientation and the
relative compartment size, [49].
Mammographic images of the phantom are simulated using

(i) a finite-element model of mammographic breast compres-
sion, and (ii) simulation of the x-ray projections through the
compressed phantom. The deformation model is implemented
using Abaqus (version 6.6, DS Simulia Corp., Providence, RI),
and is based upon a finite element model of breast compression
proposed by Ruiter et al. [50]. The deformation model assumes
the volume of the simulated breast tissue is preserved. With that
assumption, a 450 ml phantom described in Section III-A corre-
sponds to a compressed phantom with a size of 20 cm in the ver-
tical direction, 5 cm in the lateral direction, and approximately
6.5 cm in the chest wall-nipple direction.
Mammographic projections of the compressed phantom are

simulated assuming a polyenergetic x-ray acquisition model
without scatter. The quantum noise was simulated by a random
Poison process, corresponding to the standard radiation dose of
a clinical mammographic projection. The linear x-ray attenu-
ation coefficients of the simulated tissues were selected using
their energy dependence as listed in the NIST X-ray Mass At-
tenuation Tables [51]. The simulated acquisition geometry uses
a source-detector distance of 70cm, a detector element size of

, and a field-of-view, corresponding to the
Hologic Selenia Dimensions full-field digital mammography
system (Hologic, Bedford, MA).

V. RESULTS

A. Qualitative Evaluation
Fig. 8 illustrates the PV simulation in a 450ml software breast

phantom with voxels, relative compartment orienta-
tion, and relative compartment size, .
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Fig. 8. (a) Various cases of PV voxels simulated by the proposed method in a
slice of a 450ml software breast phantom, with voxels. Color-coded
percentage of the skin (b) or Cooper's ligaments (c) have been computed in
phantom voxels from (a).

Shown is the segmentation of phantom detail into air and voxels
containing one, two or three materials.
Fig. 9 shows simulated x-ray projections of phantoms with

and without simulated PV. The simulated acquisition assumed
a polyenergetic x-ray beam and divergent x-ray beam. The
projections correspond to three phantoms with identical dis-
tributions of compartments: a phantom with voxels
and no PV (Fig. 9(a)); a phantom with simulated PV
(Fig. 9(b)); and a phantom with voxels and no PV
(Fig. 9(c)). Fig. 9(d) contains magnified detail of Fig. 9(a). Cor-
responding magnified details of Figs. 9(b) and 9(c) are shown
in Figs. 9(e) and 9(f), respectively. Fig. 10 illustrates the effect
of simulating PV with respect to the skin, two-material voxels,
and three-material voxels, as seen in differences of projections.

B. Quantitative Validation
For quantitative validation of the proposed method, we

utilized the Monte Carlo method, as described in Section IV-A.

Fig. 9. Simulated projections of: (a) a phantomwith voxels and no PV;
(b) the phantom from (a) with simulated PV; (c) the same phantom generated at

voxels and no PV; (d) A magnified detail from Fig. (a) (white arrows
indicate stair-step quantization artifacts); (e) the corresponding detail from Fig.
(b); (f) the corresponding detail of Fig. (c); (g) the difference between details in
Figs. (f) and (e).

The number of points per voxel for the Monte Carlo simulation
was varied . The number of repetitions
was . Table IV contains the for PV
of skin, PV of ligaments in two material voxels and PV of
ligaments in three material voxels, using the phantom
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Fig. 10. Illustration of the effect of PV in simulated projections of phantoms.
Shown are difference images emphasizing the contribution of (a) two-material
voxels containing skin (cases 6–9 from Table II; white arrows indicate ripple
artifacts); (b) two-material voxels containing ligaments (cases 10 and 11); and
(c) three-material voxels (cases 12 and 13).

TABLE IV
, OBTAINED USING REPETITIONS, AND SAMPLE

MEANS FOR THREE TYPES OF VOXELS; MONTE CARLO METHOD
USES POINTS PER PV VOXEL

TABLE V
THE NUMBERS OF DIFFERENT TYPES OF VOXELS AND THE AVERAGE
EXECUTION TIMES PER PV VOXEL FOR THE PROPOSED METHOD

AND FOR THE MONTE CARLO SIMULATION

shown in Fig. 8. is computed using the Monte Carlo
method with random points, using both methods
discussed in Section IV-A1. The corresponding estimated

, are also shown. Since we used
bits for representation of a partial volume percentage, the
approximate quantization error, obtained using (21), was

.
Table V lists the numbers of two-material voxels containing

skin (cases 6–9; see Table II) and ligaments (cases 10 and 11),
three-material voxels (cases 12 and 13), as well as the average
execution times for one PV voxel using the linear approximation
and the Monte Carlo method with . Note that total

TABLE VI
, OBTAINED USING THE SAMPLE MEANS METHOD

FOR THREE TYPES OF MATERIALS; MONTE CARLO METHOD USES
POINTS PER PV VOXEL

TABLE VII
VALUES OF THE INPUT PARAMETER DEFINING RELATIVE COMPARTMENT
ORIENTATION, , AND THE RELATIVE COMPARTMENT SIZE, , USED
FOR THE GENERATION OF THE FOUR ANALYZED CLASSES OF PHANTOMS

Fig. 11. Coronal cross-sections through sample phantoms from the four ana-
lyzed classes: (a) Class 1 (b) Class 2; (c) Class 3; (d) Class 4 (see Table VII).

execution time for the PV computation using the linear approx-
imation, 3749s, was about 37 times less than with the Monte
Carlo method . .
Table VI contains for PV of skin, PV of ligaments

in two material voxels and PV of ligaments in three material
voxels, on phantom shown in Fig. 8. is com-
puted using the Monte Carlo method with random
points with the sample mean method. The corresponding
estimated are also shown. Note that estimation of

was not computationally feasible (the computation
of would require excessively large computational
time).
To determine the influence of ligament boundary non-lin-

earity on the accuracy of the proposed PV estimation, we gen-
erated four phantoms corresponding to the classes dis-
cussed [49]. We varied the relative compartment orientation ,
and the relative compartment size, , as shown in Table VII.
Table VIII contains , obtained using the

sample means method for three types of materials on four phan-
toms with different non-linearity of ligament boundaries speci-
fied by different ranges of and (See Fig. 11); Monte Carlo
method uses points per PV voxel.
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TABLE VIII
, FOR FOUR PHANTOMS WITH DIFFERENT NON-LINEARITY

OF LIGAMENT BOUNDARIES SPECIFIED BY DIFFERENT RANGES OF AND
. THE MONTE CARLO METHOD USES POINTS PER PV VOXEL.

A) , B) C) ,
D) ,

VI. DISCUSSION

Fig. 8 suggests that the simulation of all 13 cases of PV voxels
is qualitatively correct. The voxels containing two materials are
detected at the boundaries of two materials (e.g., skin, compart-
ment). The three material voxels are detected where the skin
meets Cooper's ligaments and a compartment. Computed per-
centages (PVs) of skin and ligaments gradually decrease when
departing from the inside of the skin (ligaments) (Figs. 8(b),
8(c)).
In Fig. 9(e), for a phantom with simulated PV, the equiva-

lent x-ray attenuations of voxels on skin/air and ligaments/fat
tissue boundaries were lower than the x-ray attenuation of
dense tissue, hence the quantization artifacts were reduced and
Cooper's ligaments and skin appeared thinner and their bound-
aries smoother in the projection (as compared to the phantom
without PV, Fig. 9(d)). This is confirmed by the difference
between projections of phantoms with two material PV voxels
and with PV voxels containing skin (Fig. 10(b)).
In Fig. 9(e), the characteristic stair-step quantization artifacts

on tissue boundaries were noticeably reduced with simulated
PV. Simulation of two-material voxels with skin leads to re-
duction of ripple artifacts due to sudden change of attenuation
at the skin boundary. (Fig. 10(a)). Note that here we represent
linear x-ray attenuation coefficient of a PV voxel as a weighted
average of the attenuation coefficients of materials contained in
the voxel (instead of using a single material attenuation coef-
ficient). Hence, the proposed method can reduce aliasing due
to improved sampling of a continuous phantom. Comparison of
Figs. 9(e) and 9(f) indicates similar appearance of a phantom
with PV simulated at a larger voxel size to a phantom

simulated at a smaller voxel size with no simulated
PV. Note that a Cooper's ligament in the lower central portion
of Fig. 9(e) with simulated PV appears thinner, even when com-
pared with a smaller voxel size phantom without PV (Fig. 9(f)).
This is also notable from Fig. 9(g). Hence, the application of
PV may lead to an improvement in image quality without re-
ducing voxel size. In comparison to noticeable quality improve-
ment of simulation of two-material PV voxels, the simulation
of three-material voxels leads to a relatively smaller improve-
ment in image quality, by removing high-frequency artifacts
(see Fig. 10(c)).
The estimated accuracy of the PV computation is

better when using the proposed approximation, than using the
MC with 63 points, as indicated in Table IV. For skin, the ac-
curacy of approximation is close to the approximate quantiza-
tion error (calculated in the beginning of Section V-B).
The statistically insignificant discrepancy (2.09e-5 vs. 2.01e-5)
could be explained by error in estimating . Note that
using points per voxel in Monte Carlo estima-
tion corresponds to 6-bits resolution of the obtained PV esti-
mates–the same as the resolution due to discretization of the
approximation.
Comparison of Tables IV and VI shows that the estimate of

is stable (i.e., does not change much) with increasing
. Hence, the use in practice of relatively small

to estimate is justified. When was increased,
decreased (as expected from (29)) and became com-

parable to on two-material and three-material ligament
voxels. Observe, however, that this comparable accuracy is
achieved at the expense of additional computational time.
Hence, our proposed approximation method is preferable for
both fast and accurate estimation of PV.
For a phantom with very linear ligament boundaries

(Fig. 11(a)), is very close to (see Table VIII(a)).
In this case, the linear approximation clearly has better accuracy
than MC with 63 random points. As we can see, when
but relative compartment sizes vary in (Fig. 11(b)),
the boundaries of ligaments are non-linear but relatively
smooth. Hence, the MSE of the linear approximation of two-
or three-material ligaments are smaller than for the MSE of the
Monte Carlo (see Table VIII(b)). Fig. 11(c) shows that when
is allowed to vary in but relative compartment size is

, the phantom's ligament boundaries are less linear. As
a consequence, for ligament voxels are larger than in
the previous case (Figs. 11(a) and 11(b)). Nevertheless, linear
approximation still has smaller error than MC. Fig. 11(d) shows
that when vary in but relative compartment sizes
vary in , ligament boundaries are very non-linear.
As a result, now for ligaments is larger than .
In contrast, the volumes of three-material voxels are bounded
by relatively smooth skin surface (in addition to non-linear
ligament surface), and in such cases linear approximation
outperforms MC.
Our algorithms for two and three materials are very efficient.

In the two-material case, Algorithm A1 can be used to compute
partial volume by solving one inner product and the volume of
a few geometric primitives. In the three-material case, Algo-
rithm A3 has converted the 3D volume problem into a 2D area
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problem using the Gauss-Ostrogradsky theorem. Moreover, Al-
gorithm A3 can be used for any number of materials, but for
two-material cases, Algorithm A1 is faster.
The obtained average execution times of PV estimation per

voxel, Table V, are platform and implementation dependent.
Using the Monte Carlo method for two-material voxels con-
taining skin (cases 6–9) is relatively straightforward resulting
in smaller average execution times than using our implementa-
tion of the proposed algorithm. Note that while being conceptu-
ally simple, estimation using the Monte Carlo method of voxels
containing ligament tissue relies upon computation of distance
from the median surface which is resource intensive (it reduces
to numerical solution of the polynomial equation of 6-th de-
gree [44]). Since PV with two-materials containing ligaments
(cases 10–11) are predominant in the considered phantom, the
total time to compute partial volumes using the linear approx-
imation was much smaller than using the Monte Carlo method
with points. Therefore, using the linear approxi-
mation should be faster than the Monte Carlo method. On the
other hand, unlike the linear approximation, where the accuracy
depends on the linearity of the material boundaries, the accu-
racy of the Monte Carlo method can be controlled (by choosing
large enough , see (29)). Hence, if the accurate computa-
tion of partial volumes separated by highly non-linear surfaces
is necessary, or if the application/platform (e.g., parallel plat-
forms) where the Monte Carlo method is efficient are available,
the Monte Carlo may be a method of choice for computing par-
tial volumes. The determination of smallest , for a given

is part of our work in progress.
For realistic cases of non-linear ligament boundaries, the esti-

mated of two-material voxels containing ligaments and
of three-material voxels were larger than the quantization error

when bits are used. Hence, it is sufficient to use 6
bits to represent partial volumes computed using the proposed
linear approximation. Note that in [38] we proposed using 7 bits
per partial volume.
Note, finally, that we have proposed two techniques to

estimate , and experimentally confirmed their similar
behavior in the proposed application. The second technique
is based upon the estimation of sample means of computed

, which avoids the estimation of . This technique
does not require knowledge of true values of at each voxel
nor the availability of distribution , and could be thus
potentially used in other estimation problems.

A. Limitations
The proposed method utilizes a linear approximation of

the bounding surfaces between simulated materials. A better
approximation (e.g., quadratic; piecewise linear) may still be
needed if surfaces separating different materials have large
curvature. If the boundaries are highly non-linear, computation
of the PV effect using the Monte Carlo (MC) method may be a
better choice (since MC provides a controllable approximation
error), provided fast enough hardware/implementation. The
proposed encoding scheme reserves four bits to represent the
material type. As so far we have utilized 2 bits only, more
material types (e.g., lesions; calcifications; ducts) may be
represented.

ALGORITHM A1

Conceptual algorithm for computing partial volume of a voxel above a given
plane

Difference between projections of a lower voxel resolution
PV phantom and a higher resolution non-PV phantom may in-
clude “gauze-like” ringing artifacts as seen in Fig. 9(g). Char-
acterization of the artifacts and investigation of their cause are
ongoing. With a large parallel computer system, it is feasible
to model the different tissue types by using the voxels with
smaller size where every voxel will be a sepa-
rate tissue type [52], [53]. However, application of the proposed
method would still lead to further improvement of accuracy of
these phantoms. The proposed algorithm could be advantageous
at lower voxel resolution for reducing the required storage space
and faster data transfer and analysis. Selection of the optimal
voxel size is a topic of the ongoing discussions in the AAPM
TG234 on the Virtual Tools for the Validation of Novel 3D/4D
Breast Imaging Systems.

VII. CONCLUSIONS
We have developed a method for simulating PV in software

breast phantom voxels, which contains multiple simulated
tissues. The percentage of simulated tissues was estimated
using a planar approximation of the boundary between different
tissue regions, based upon the segmentation into geometric
primitives and the Gauss-Ostrogradsky theorem. A quantitative
assessment of the planar approximation using Monte Carlo
estimation of computed PV showed satisfactory accuracy of
the proposed method. A qualitative comparison of simulated
mammographic projections confirmed that the PV simulation
can improve the image quality by reducing the quantization ar-
tifacts. A future work would involve human or model observer
studies to quantify the image quality improvement.

APPENDIX

A. Pseudocode of Algorithms for Computing Partial Volume
of a Voxel Above a Plane and Above two Planes
See Algorithms A1–A3.
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ALGORITHM A2

Algorithm for computation of partial volume of a voxel above a plane for
different number of vertices above the plane

ALGORITHM A3
Algorithm for computation of partial volume of a voxel above two planes

B. Some Properties of Monte Carlo Estimation of Partial
Volume
Observe that the true value of a partial volume PV is the prob-

ability that a randomly chosen point during the Monte Carlo
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computation of partial volume is within the volume of interest.
Hence, the count of points ( in (16)) follows a Binomial
distribution with expectation and variance

[43]. From this and (16), (17), follows:

(A1)

(A2)

Note that it is suitable to treat the true value of the partial
volume, PV, as a random variable (since it varies throughout
the phantom in fashion unknown to the algorithm for PV es-
timation). Using the conditional expectation , the
expectation of the error of the Monte Carlo method
can be expressed as [43]:

(A3)

By combining (A2) and (A3) we can easily obtain:

(A4)

Note that depends on the distribution of PV
and hence it may depend on a partial volume case (see
Section III-B).
Also, similarly, using (A1) we can obtain:

(A5)

(A6)

Note that does not depend on the distribution of
PV and hence does not depend on a partial volume case (see
Section III-B).
Due to (A6),

(A7)

Note that is a function of PV (in the ideal case,
) and therefore . Due to (A1):

(A8)

i.e., the approximation error and the error of Monte Carlo
method are not correlated. Note that (A8) holds for linear and
non-linear approximation methods.
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